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DEDICATION 


Mathematicians, whose unwonted style 

Avoids plain English with the nice excuse: 
Readers must learn their language—can beguile 
The metaphoric-minded, and induce 
Intoxication with ideas as such. 

Numbers set indiscretely in a row 

Give topologic spaces just as much 

As flights of martins in a garden show 

Regard for logic. But the martins know 

Down is not Up. Topologists ignore 

North or South or whether on the floor. 

Each has his points; not those who would, instead, 
Rather be highfalutin than be read. 


CONTENTS 


1 What Is Topology? I 


Euler’s Theorem 10 


2 New Surfaces 20 


Orientability 25; Dimension 28; 
Two More Surfaces 31; The Klein Bottle 34 


3. The Shortest Moebius Strip 40 

4 The Conical Moebius Strip 50 

5 The Klein Bottle 62 

6 The Projective Plane 78 
Symmetry 82 


7 Map Coloring 108 


8 Networks 120 


The Koenigsberg Bridges 120; 
Betti Numbers 123; Knots 132 


g The Trial of the Punctured Torus 136 


10 Continuity and Discreteness 149 


The “Next Number” 149; Continuity 151; 
Neighborhoods 154; Limit Points 158 


11 Sets 162 


Valid or Merely True? 162; Venn Diagrams 164; 
Open and Closed Sets 174; Transformations 182; 
Mapping 188; Homotopy 192 


In Conclusion 197 
Appendix 200 


Index 207 


XPERIMENTS 
IN 
OPOLOGY 


What Is Ti opology-? 


“Topology is a fairly new branch of mathe- 
matics, and it may seem odd to talk of experiments 
in mathematics unless one is, so to speak, at the 
front line—so advanced that one can hope to 
make a new contribution—while we are assuming 
that the reader knows nothing of the subject. But 
perhaps because it is so new, additions can be made 
at the side, like branches, if not at the top. Also 
certain experiments can be made that, while add- 
ing nothing, still help one to understand this rather 
elusive subject. 

Topology is curiously hard to define, whereas 
the following are much less so. Arithmetic: “The 
science of positive real numbers” (Webster's New 
Collegiate Dictionary), or: “The art of dealing 
with numerical quantities in their numerical rela- 
tions” (Encyclopaedia Britannica, 11th ed.). Al- 
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gebra: “The generalization and extension of arith- 
metic” (Enc. Brit., 11th). Mark Barr defined 
mathematics as being “devised to keep facts in 
abeyance while we dispassionately examine their 
relations,” but this definition applies especially to 
algebra. Geometry: “The study of the [mathe- 
matical] properties of space” (Enc. Brit., 11th). 
Topology started as a kind of geometry, but it has 
reached into many other mathematical fields. One 
might almost say it is a state of mind—and is its 
own goal. (Later we shall see that this last phrase 
has a topological sound to it.) 

In one sense it is the study of continuity: begin- 
ning with the continuity of space, or shapes, it 
generalizes, and then by analogy leads into other 
kinds of continuity—and space as we usually un- 
derstand it is left far behind. Really high-bouncing 
topologists not only avoid anything like pictures 
of these things, they mistrust them. This is partly 
because it is not only impossible to make a visually 
recognizable picture of some of their “spaces,” but 
meaningless. We can, however, get to an under- 
standing of their goal by easy stages, and by look- 
ing at certain shapes (or “spaces”) from the to- 
pologists’ point of view, if we start with ones that 
we can see and feel. 

A topologist is interested in those properties of a 
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thing that, while they are in a sense geometrical, 
are the most permanent—the ones that will survive 
distortion and stretching. 

The roundness of a circle obviously will not: 
one can tie or glue the ends of a bit of string to- 
gether and make it into a circle, and, without cut- 
ting or disconnecting it, make it into a square. 
But the fact that it has no ends remains unchanged, 
and if we had strung numbered beads on it they 
would retain their order even if we tied it in knots, 
provided we count along the string, like a crawling 
bug (Fig. 1). This would also be true if we used 
elastic instead of string, because we could only 
alter the distance between the beads—not their 
order. 


Fig. 1 


In projective geometry we get somewhat the 
same state of affairs: a straight line casts a 
straight shadow, and a triangle will give a tri- 
angular shadow at any angle, even when its own 
angles change. In topology, though, the straight 
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line doesn’t have to remain straight: but it retains 
the quality of being continuously connected along 
itself, and with its ends disconnected—or not, as 
the case may be. (The latter could be so if the line 
were drawn on a globe, and regarded as straight 
by the crawling bug, who would report that it did 
not deviate to either side: like the equator.) It is 
this connectedness, this continuity, that topology 
holds on to, and for this reason distortions are 
only allowed if one does not disconnect what was 
connected (like making a cut or a hole), nor con- 
nect what was not (like joining the ends of the 
previously unjoined string, or filling in the hole). 
According to this rule, we can take a lump—say 
round—of clay and make a cup, but we cannot give 
it a handle because of the hole in the handle. How- 
ever we could make both cup and handle from a 
doughnut-shaped piece (Fig. 2). 
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To be more explicit: we are allowed to make a 
break, provided we rejoin it afterward. For ex- 
ample, some topologists have said that one can 
change or distort the first arrangement of a loop 
of string in Fig. 3 into the second, without alter- 
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ing its connectedness. It is true that both are con- 
nected the same way, but we obviously cannot do 
it with string without cutting it and rejoining: but 
that is allowed. Some say it is possible to do in a 
4-dimensional space, but perhaps this modification 
of the no-cutting-or-joining rule is clearer at this 
time: Any distortion is allowed provided the end 
result is connected in the same way as the original. 

Another example of this is that one cannot make 
a flat plate without a hole in it from the doughnut- 
shaped piece. The latter, incidentally, is called a 
torus. These characteristics—like having or not 
having a hole—are called topological invariants. 
Sometimes one finds one that turns out to be 
merely the result of another, but we need not insist 
on this fact right now. 

The lump of clay without a hole is called simply 
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connected, and as a result of being so, we find that, 
if we draw a circle—or any closed curve—on it 
(Fig. 4), it divides the whole surface into two: 
the part inside and the part outside, just as it 


Fig. 4 


would on paper. The equator does this for the 
globe, except that it would be hard to say which 
was the “inside” and which the “outside,” but at 
least it does divide the surface in two. 

Now, if we draw another circle, it will either not 
cut or intersect the first one at all, or it will do so 
in two places. This means “cut” in the sense of 
going right through and not merely touching, like 
the two circles in Fig. 5. This is because if we 


Fig. 5 


start drawing the second circle at a point outside 
the first, and then cross over into the inside, we 
cannot get back to the outside to finish the new 
circle—to join the new line to the point we started 
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at—unless we cross over again. The same applies 
when we start inside. 

Now take the case of the torus (doughnut, Fig. 
6). First draw the line L. We can see that it has 
not divided the whole surface into two, and so, if 
we start a second circle at any point, say P, this 
point is neither inside nor outside the circle L. 
Therefore if we cross L, the dotted line we are 
making is not necessarily barred by the line L 
from returning to P. As the drawing shows, we 
can have two circles that intersect at one point only. 


L 


age on 


This fact—not true of a simply connected surface 
with no holes—is true of anything with a hole, and 
is a topological invariant. 

As was pointed out before, a torus can be dis- 
torted into anything with one hole; and a circle 
into any closed curve that does not join itself any- 
where, except for being joined into an endless line. 
The latter kind are called Jordan curves, after the 
mathematician who proved that they divide the 
surface into two distinct regions, which have no 
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points in common but which have the curve as a 
common boundary—provided the curve is drawn 
on a simply connected surface: e.g., a plane or a 
sphere. This may seem to be obvious, but it is un- 
expectedly difficult to prove. A Jordan curve that 
divides the surface in two can be drawn on a torus, 
so long as it does not circle the hole, or go through 
it, as the ones in Fig. 6 do. But on a plane or a 
sphere all Jordan curves divide the surface in two: 
while on a torus they do not do so necessarily. 
When one shape or curve can be distorted into an- 
other, following our rule, they are said to be home- 
omorphic to one another. 

If we draw a triangle on a lump of clay, it is con- 
ceivably possible to distort it homeomorphically 
so as to get rid of the three angles and make it into 
a circle, but if we mark or otherwise identify the 
apexes as points on the line, they will remain on 1t, 
and in the same order (counting clockwise). Also, 
if we draw Fig. 7, which is one closed curve joined 
at two distinct points by another, no distortion that 
follows our rule can change that description of the 
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figure. Not only will the two joints remain as 
joints, but no new ones will appear, as that would 
mean making a new connection. Thus a sphere with 
its equator, and another line connecting with the 
equator at two points, p and p’ (Fig. 8), cannot 
be distorted so that the arrangement of these lines 
is altered topologically (Figs. 9-10). 


Fig. 8 


Fig. 10 


Fig. 9 shows the whole arrangement of lines 
pulled around onto this side, and bent into arbi- 
trary shapes. (One may distort a drawing on a 
surface, if we follow the rule.) We see that it still 
divides the surface into three areas; it still consists 
of three segments of line, which still meet at two 
distinct points. These basic facts have survived 
distortion, while nothing else has. These facts are 
the kind that topologists are concerned with. 
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Euler’s Theorem 


A prime example of topological invariants comes 
from a theorem the Swiss mathematician Leon- 
hard Euler stated in 1752. It has to do with poly- 
hedra: solid geometrical figures, like the cube, or 
the tetrahedron (Fig. 11), i.e., solids which are 
bounded by flat planes (faces) which have straight 
edges and the edges meet at points, or corners, 
called vertices. You can have more complicated 


LA Vertex a 
ao 
a 2 
lu 
c 
CUBE 
TETRAHEDRON —P 
Fig. 11 


polyhedra with as many faces as you wish: but 
never less than 4, as in the tetrahedron. Euler 
proved that if you add the number of faces to the 
number of vertices, and subtract the number of 
edges, you always get 2 for an answer, no matter 
how complex the polyhedron. 

Instead of giving the proof, we shall generalize 
this rule still further in a topological way. The 
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proof will then include Euler’s, and be, unex- 
pectedly, easier to follow. First, remembering that 
in topology we can bend lines, let us draw the tetra- 
hedron on a sphere (Fig. 12). We still have (com- 
pare it to Fig. 11) 4 faces (no longer flat but bulg- 
ing), 6 edges (now curved), and 4 vertices. With 


Fig. 12 


Soe 


Euler’s rule: 4 faces plus 4 vertices minus 6 edges 
equals 2, F—E-+ V= 2 is the way most books 
give the equation. Now, as we saw in Fig. 9, page 
9g, we can pull this whole arrangement of lines 
around to the front (if we make no breaks or new 
joints ) and get Fig. 13. We still have the 4 vertices, 
a, b,c, and d, and the 6 edges joining them. Three of 
the original 4 faces are the triangles 1, 2, and 3, 


Fig. 13 
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and the fourth is the space outside the new figure. 
It is still, topologically speaking, a triangle, as it 
is bounded by the same 3 edges. This can be drawn 
on flat paper—all polyhedra can, though in some 
cases they are hard to recognize—if we remember 
that the blank space around the figure represents 
the missing face. 

As we said, in topology you can distort if you 
don’t alter the way a figure is connected, and in the 
case of a polygon, although you may smooth out 
the angles, you must retain the vertices as points 
marked on it. The pentagon on the left of Fig. 14 
becomes the figure on the right, but still has its 5 
vertices, and edges: There are certain rules about 
the way faces, edges, and vertices can be connected 
in polyhedra—quite complicated—one being that 
4 faces is the minimum, another: a vertex is the 
meeting place of at least 3 edges, and so on, but I 
am going to generalize Euler’s rule to apply to any 
figure we can draw, provided it follows these rules: \ 


| Fig. 14 1 
2 
5 2 
3 
4 3 A 
Pentagon Topological 
Pentagon 


What Is Topology? 


It must be completely connected: no unattached 
parts. Every line has a vertex at its free end if 
there are any free ends, and where it touches or 
crosses another line—which might be at a previ- 
ously made vertex. Any enclosure counts as a face, 
including the outside space. It must be drawn on 
a simply connected surface—no doughnuts al- 
lowed, because then the rule—the formula— 
changes. We now find that the Euler theorem is, 
rather surprisingly, easier to prove—or at least to 
follow, and if we prove the foregoing, we shall 
have proved it for polyhedra, too. We start with a 
single line (Fig. 15), and since it has 2 free ends 
and encloses nothing, it gives 1 face (the space 


Pea Fig. 15 


around it), 1 edge (itself), and 2 vertices. Or 
1 F—r1 E+2 V= 2. If we now join the ends 
(Fig. 16) it is regarded as making a vertex, which 
can be put anywhere on the line arbitrarily. This 
has enclosed a space, giving 2 faces, 1 edge, and 
I vertex (2 F—1 E+1 V=2),. 


Fig. 16 
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Now, instead, we cross the first line with an- 
other, still enclosing nothing, and we get 1 face, 4 
edges, and 5 vertices (1 F—4 E+5 V=2). If 
they merely met we would get 1 face, 3 edges, and 
4 vertices: (again getting 1 F—3 E+4 V=2). 
Also we can put any number of arbitrary vertices 
on an edge: and each would divide the line into new 
edges, giving, in Fig. 17, 1 F—4 E+5 V=2. 


a 


Fig. 17 


When a new line, or edge, meets a loop (a self- 
connected edge) at its vertex, we get 2 F—2 
E-+2 V=—z2. If not at the vertex we would have 
2 F—3 E+3 V= 2. Likewise a line meeting a 
loop at 2 points gives 3 F—3 E+2 V=2 (Fig. 
18). 


Fig. 18 rms 


It is obvious that the only way to get a new face 
is by adding at least 1 edge, and this edge must 
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either connect with both its ends or be itself a loop: 
otherwise it would enclose nothing. Keep in mind 
that, although in topology we distort things, in the 
following proof we cannot change anything after 
it has been drawn. The following apply in all cases 
(or figures). 


1. If we add a vertex to an edge between vertices, 
it divides it: making 1 edge into 2, thus it adds 1 
E, canceling the new V, in the expression F— 
E+V. 

E 

Q : Fig. 19 
2. Add an edge that meets a vertex—its own ver- 
tex on the free end cancels. the new edge (in F— 


E+V). 
WA ew ‘ Fig. 20 


3. Add an edge that meets an edge between ver- 
tices: it adds 2 E and 2 V (having divided the 
old edge). These cancel as before. 
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4. Add an edge with each end meeting a vertex: 
itadds 1 Fand1 E (but no V) and they cancel. 


1 
: | or 
‘ ’ 
NY Ad 
v ¢ 


5. Add an edge with both ends meeting the same 
V:itadds 1 Fand 1 E, which cancel. 


Fig. 22 


ectme 


: Ed 3 " 


6. Add an edge that meets 1 V and 1 E: it adds I 
F, 2 E, and 1 V, which cancel (1 F—2 E+ 
Te Viet=0) i 


Fig. 24 


7. Add an edge that meets 2 edges: it adds 1 F, 
3 E, and 2 V, which cancel (1 F—3 E+ 2 V==0). 


seme 
- 
Py . 


Figaco 
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8. Add an edge with both ends meeting at one V in 
one edge: it adds 1 F, 2 E, and 1 V, which cancel. 


That exhausts all the ways of adding lines and 
vertices, and therefore one can draw any figure 
made of them, and if it is connected, and on a 
simply connected surface, F—E+ V=2. Thus it 
must be true of polyhedra, also. Try it with a com- 
plicated figure drawn at random. We have been 
stressing the rule that these figures must be on a 
simply connected surface: what happens to Euler’s 
theorem when they are on a torus? Remembering 
Fig. 6 (page 7), we can see that it breaks down 
at once: redrawn in Fig. 27, it shows that 1 F— 
2E+1 Vo. And as we said (page 8), a Jordan 
curve can be drawn on the side of the torus and 
still divide it into two, but not if it circles, or goes 


Fig. 27 
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through the hole. In the same way, any of the con- 
nected figures we have just discussed can also be 
drawn ona torus and the Euler law applies if they 
do not connect either around or through the hole. 
If these lines represent a polyhedron with a hole, 
they will do both, and polyhedra were what Euler 
had in mind. The simplest polyhedron with a hole 
is shown in Fig. 28—made transparent so as to 
show all the edges. It has 9 faces, 18 edges, and 9 
vertices, giving 9g F—18 E+9 V=o. 


Fig. 28 


Without going into the proof, the above is the 
new Euler law for doubly connected surfaces, and 
it will work for all figures drawn on them provided 
we have at least one line going around the hole, and 
one going through it. Nore: Euler’s law can be 
generalized to include any drawing at all that is in 
lines and dots: starting with one dot on a sheet of 
paper, 1 F—o E+1 V=z, we can also include 
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disconnected parts if we change the formula to 
F—E-+ V—n=2z, where is the number of dis- 
connected parts (dots, lines, or figures) minus I. 
The reader can prove this by experimentation, 
which will disclose the underlying reason for the 
formula. The proof turns out to be really quite 
simple—after we have it. (It applies, of course, 
only to simply connected surfaces. ) 
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It is important never to be frightened by a 
higher-mathematician: if he says that something 
is trivial, he means that it is not general enough 
—a special case, which is very non-T (or untopo- 
logical). We must not be put off because he is in- 
terested only in the higher abstractions: we have 
an equal right to be interested in the tangible. He 
may say that he is for pure mathematics—mathe- 
matics for its own sake—not applied—done for the 
joy of it, while we may derive pleasure from what 
he would call “mathematical curiosities,” like pa- 
per models. The tangible is referred to as intuitive, 
but this is what Paul Alexandroff has to say on 
the subject (he is a very high-ranking topologist, 
and we quote from his book Elementary C oncepts 
of Topology): 

“I would formulate the basic problem of set- 
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theoretic topology as follows: To determine which 
set-theoretic structures have a connection with the 
intuitively given material of elementary polyhedral 
topology and hence deserve to be considered as 
geometrical figures—even if very general ones.” 
( His emphasis. ) 

With this bracing thought in mind, we shall now 
go to the subject of paper models. These have been 
objected to on the grounds that paper has a very 
non-T property: it can’t be stretched. This is not 
absolutely true, but nearly so, and paper is thin 
enough to serve as a flexible, two-dimensional 
plane in a model. Its nonstretchability is useful in 
certain contexts, because it forces us to be rigorous 
about actual distance, or measurement. Paper also 
forces us to keep exact track of which side is which, 
whereas with a lump of clay this might be difficult. 
We have seen that a surface may be simply con- 
nected or not: are there other ways of altering its 
connectivity ? We have said that both a sphere and 
a sheet of paper are simply connected, but there is 
nonetheless the difference that the paper is bounded 
by its edges—as any polygon is—while the sphere 
is not. Thus although any figure drawn on the 
sphere can be homeomorphic to one on a plane, the 
whole surface of the sphere is not homeomorphic 
to the plane, because when we stretch the plane 
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over a ball, and bring it around to the other side, 
we will have a hole which cannot be got rid of with- 
out making a joint. However, we are now going to 
consider paper and see how far we can go without 
the benefit of stretching. 

Obviously we cannot make a sphere—although 
we can make a cube, which is a homeomorphic dis- 
tortion of a sphere. Also we can make a cylinder: 
we merely join the ends, or opposite edges AB to 
A’B’ (Fig. 1). 


Fig. 1 


If our cylinder were longer and flexible we could 
bring the two ends together, getting a hollow torus 
(Fig. 2), but by utilizing the limited flexibility 
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Fig. 2 
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that paper has, we can make a somewhat dis- 
torted one—a true homeomorph of a torus’s sur- 
face. First we agree that a paper cylinder when 
flattened is a cylinder still: that what we have is 
connected in the way that a cylinder is, and even 
if we were prevented from opening it out into its 
proper round cross section it would be a cylinder 
from a topological point of view. This being so, 
we make a long paper cylinder, flatten it and fold 
it, or bend it so that the ends are facing one an- 
other, and then join them with tape (as we did 
the sides ). It is now like a deflated inner tube, flat- 
tened (Fig. 3). 


0 \ 


SS 


Notice that the once circular but now flat ends are 
joined so that the 2 sides—outside and inside—are 
joined with the inside joined to the inside and the 
outside to the outside. But if we take a flat strip of 
paper instead of a cylinder, this unsurprising fact 


Fig. 3 
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can be frustrated. If we give a half-twist to the 
strip before we join the ends, we will have the 2 
opposite sides joined. Also the 2 opposite edges. 
Fig. 4 is called a Moebius strip, and if we follow 
along the edge, we will see that it is now in one 
continuous line which joins itself, forming a loop. 
And if we make a pencil line on it, running the 
length, the line will come back to its own beginning. 


Single Pencil 
edge line 


S 


MOEBIUS STRIP 


The Moebius strip has r side—and 1 edge. This is 
a new kind of surface, and it has a new kind of 
connectivity. Make one of these, and cut along the 
center line, and a surprising but perfectly logical 
thing happens: it stays in one piece even though 
the cut has gone completely around it and met it- 
self. Logical, because when we gave the half-twist, 
we joined the upper half of the strip to the lower 
half (AO to B’O, and BO to A’O, in Fig. 5). Our 
cut has not disturbed this joint. Later we shall 
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Fig. 5 


come back to this, and try some interesting experi- 
ments with it. We can say that it has only I side, yet 
the fact remains that we run into semantic trouble 
when we try to say, “It is impossible to paint the 
2 sides different colors because there is only I side.” 
Two sides? One side? . . . which do we mean? 
This anomaly is by no means trivial and must be 
cleared up. 


Orientability 


If we connect the decks of two rafts moored 
next to one another by pushing them together, we 
can say that the two surfaces have been joined 
into one surface, since we could draw a continuous 
line on the decks from A to B (Fig. 6). Ina similar 
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way the upper side of the strip of paper when 
twisted and glued has been joined to the under side. 
But in a different context we can make a dot on it, 
turn it over and make another dot exactly opposite 
to it. These dots are “on opposite sides” in this new 
context—although they are on the same side in the 
sense that we can draw a continuous line from one 
to the other. 

Suppose that the paper were infinitely thin—as 
a mathematical plane should be—and we have not 
twisted it. It has an upper side, consisting of an in- 
finite set of points. On the under side is a corre- 
sponding set of points—but since the thickness 
equals zero they coincide with the upper set: they 
are the upper set. Yet we speak of the 2 “sides.”’ If 
these points individually have no size, how can they 
have sides? How can they be orientated—right to 
left, or front to back ? Individually they cannot: but 
ina group they can be—for they are ina particular 
order, which is reversed when counted, or looked 
at, from the other side, or direction. This is an ex- 


™ From here it counts 
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Fig. 7 
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ample of the orientability of a line—a 1-dimen- 
sional space (Fig. 7). 

Let us now take a strip of paper and cut a hole 
with a spiral outline. (If we use tracing paper the 
outline can be drawn very black instead of making 
a hole.) Provided we do not turn the paper over, 
the spiral will go clockwise no matter how we turn 
the paper around. But if we turn it upside down— 
turn the paper over—it will be reversed in sense, 
or counterclockwise, like the right-hand side of the 
figure below. 


rae zy 


Fig. 8 


We could make these holes all over a paper 
sphere, and seen from the outside they would all 
be the same: conversely, from the inside they 
would all be reversed. It is easier to show with a 
paper cylinder, but in both these surfaces we can 
cover them with similar holes—all clockwise (Fig. 
g). If we try this with a Moebius strip (Fig. 10), 
all goes well for a time—then we find we are next 
to a hole we made before, and it is counterclock- 
wise, because made from the opposite side, or direc- 
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tion. This means that the Moebius strip is what 
is called nonorientable—which is less open to mis- 
interpretation than saying it is 1-sided. From this 
we can see that any 2-sided surface is orientable; 
any I-sided surface is not. 


2-sided 
cylinder 
gs? Moebius Strip 
Fig. 10 
Dimension 


When we say that a solid has 3 dimensions, but 
a plane only 2, we refer to the fact that mathemat- 
ically speaking a plane has length and breadth, but 
no thickness. A plane can, however, be not-flat: 
e.g., the surface of a sphere. There are two ways 
of describing this nonflatness: one is to bring in 
the third dimension of height, and measure the 
position of all the points of the surface—every 
part of it. In Fig. 11 the surface is humped in the 
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Fig. 11 


middle, and we can chart the position of the vari- 
ous points by giving the coordinates, or distances 
from the point O along the three directions +, 
y, and z. Another version of the 3-dimensional 
way is to say the surface is that of part of a sphere, 
or a cone, et cetera. 

The other, more topological, method leaves the 
third dimension out—although it implies it with- 
out referring to it. The method is to draw a map 
of the surface. If we draw a circle on a flat plane 
and then its diameter, and measure them, we find 
the ratio of their lengths is 3.14159... (7). 
If we repeat this on the surface in Fig. 11, the 
diameter would be too long (see dotted lines). A 
complete, accurately measured, map of the U.S.A. 
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that gave every distance and direction could be 
made as a series of descriptions of where each 
point is in reference to its neighbors, but it could 
not be drawn to exact scale on a flat plane: it humps. 
up in the middle—being a sizable section of the 
globe. It isn’t necessary to make points every foot, 
or even mile: one to a county would show that what 
was being mapped was not flat. You couldn’t put 
a marker in Iowa and keep on arranging new ones 
around it so that there was exactly 100 miles be- 
tween neighbors: Fig. 12 is a hexagonal arrange- 
ment, and can be extended indefinitely on a flat 
plane, but on the U.S.A. as one gets further from 
the first marker they begin to crowd up: they 
won't fit any more. Try it on a raw potato with 
pencil and a tape measure. 


Fig. 12 


In topology we aim at descriptions that leave out 
distance entirely, so any surface can be mapped 
flat, provided it is simply-connected, if we ignore 
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the scale of distances. This is done in atlases—usu- 
ally using Mercator’s projection—but this method 
at least tries to keep the relative distances as near 
correct as possible. If we had no way of deducing 
the world was a ball by direct observation, we 
could still infer it by measuring points and dis- 
tances ; and if we could not even measure distance, 
we could at least tell the world was simply-con- 
nected by drawing a network all over it and then 
counting the enclosures (faces), the line segments 
(edges), and their ends (vertices). If the world 
were a huge torus we would soon find out there 
was a hole, because the count would give us F— 
E+V=o. 

So in topology we are concerned with how a sur- 
face is connected, and eventually relinquish the idea 
of distance altogether, but if we do this gradually 
we can grasp more clearly what it involves. 


Two More Surfaces 


Up to now we have the following kinds of sur- 
face—made from paper—plane, cylinder, torus, 
and Moebius strip. Parenthetically, the cylinder 
can be topologically distorted into a plane with one 
hole. The last shape in Fig. 13 is called an annulus, 
and it is homeomorphic to any plane with one hole, 
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Fig. 13 


two edges in all. When we spoke of the paper strip 
having 2 pairs of edges, we were treating it as a 
polygon for convenience’s sake, but if we want to 
forget the 4 vertices, or corners, we can in a differ- 
ent context distort it to any closed curve. So let us 
list the four surfaces mentioned above, according 
to how they are, or are not joined, and how many 
sides and edges. They are: 


Plane (rectangular) : 
No joint, 2 sides, 4 edges. 


JZ 


New Surfaces 


Cylinder: 
I pair edges joined, 2 sides, 2 edges. 


Both pairs edges joined, 2 sides, 0 edges. 


Torus: 


Fig. 16 


Moebius strip: 
I pair edges joined twisted, 1 side, 1 edge. 


S) 


Judging purely from the possible combinations 
of the above operations, there could be two more: 
both pairs of edges joined with one pair twisted, 
and ditto with both pairs twisted. At first sight 
these seem impossible, but that never deters a true 
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topologist. It is the consideration of all possible 
combinations of such operations—in fact of almost 
anything—that is the essence of topology. It is the 
fact that the combinations can be thought about 
logically that matters—not whether we can per- 
form them in actuality. As it happens it is possible 
to make incomplete and imperfect models of the 
first, and a still more imperfect one of the second. 
The first is known as the Klein bottle, after the 
German mathematician Felix Klein (1849-1925), 
and the second is called the projective plane, for 
reasons too heady for this book to go into. Let us 
take the first first. 


The Klein Bottle 


What we are asked to do with this is to join the 
edges AB and A’B’—now we label the corners ac- 
cording to which is joined to which. This is what 
we did for the Moebius strip, but we are now sup- 
posed to join the two remaining edges, 4B’ to A’B 
(Fig. 18). (Here proportion is ignored, and the 


Fig. 18 
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arrows show the fact that the first joint was done 
with a twist, and the second one not.) It will be 
seen, if the reader makes a paper model of this, 
that it seems completely impossible. Even if we 
were to add more paper to make this joint, what 
shape ought it to have? Anything that would fill 
the bill would have to be shaped somewhat like a 
man who could take off his coat, turn one of the 
sleeves inside-out, put it on again, and button it 
up around him. 

The best way to approach this is to take the join- 
ings in the reverse order: we join the top and bot- 
tom first, getting a cylinder. (We imagine a long 
one.) The arrows are now directions around the 
two circular ends, and when we bent the cylinder 
and put these ends together—getting a torus—the 
arrows went in the same rotational direction, or 
had the same sense. Thus we have not lost sight of 
the lack of twist in the joint: the arrows in Fig. 
19 show it, although the fact that all four corners 
have met at one point conceals it. 


Fig. 19 
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To make a half-twist in the cylinder now would 
not do what the original half-twist would have 
done: because the sense—say clockwise—would 
now remain clockwise, even though it would re- 
move 4 from 4’. Thus the direction of the arrows, 
the sense, is more fundamental, just as the ortenta- 
tion of the spiral holes was (page 27). But we 
have to bring these two end-circles together with 
their arrows running in opposite senses, and since 
twisting won’t do it now, we must do something 
else: that is, to put them back to front, which means 
that one end will have been brought to the other as 
in Figs. 20-21 (actually from the inside, and the 
other direction). 


Fig. 20 


Fig. 21 
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As can be seen, the one end has been made nar- 
rower and goes through the side. Fig. 21 is the way 
that the Klein bottle is usually shown: Fig. 22 is 
another, more symmetrical version. This one 


Fig. 22 


shows the juncture of the two circular ends as a 
somewhat acute one, and we must keep in mind 
that in the ideal case we should not have to resort 
to such a joint. Still, in the case of a paper model, 
when two planes meet that way, they can be im- 
agined as straightened out (Fig. 23), even when 


Fig. 23 


ese 


they cannot, owing to former attachments. This 
second version has the advantage in being easily 
constructible with paper, and we shall return to 
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this later. One point to keep in mind: when the 
two planes are joined as in Fig. 23, the sides facing 
one another are joined, as are the two sides facing 
away from one another. 

The other new surface, the projective plane, we 
can leave out for the time being, as the almost fatal 
imperfection of the quasi-model we can make can 
only be understood in light of further study. For 
now, we can say that the construction involves not 
only joining the remaining part of a Moebius strip, 
but twisting it, also: i.e., both pairs of opposite 
edges are twisted and joined. When we have made 
some more models of the Moebius strip, with a 
perfectly arbitrary goal in view, we shall be in a 
better frame of mind perhaps to understand certain 
limitations of models, and see beyond them. 

Where in the pictures of the Klein bottle (Figs. 
21-22) the surface passes through itself, we have 
to imagine the ends somehow brought together 
without this intersection—a clear impossibility in 
real life. The intersection is regarded as being of 
another kind: the thing happens without making, 
or needing, a hole. That is to say, in intersecting, 
neither plane interrupts the continuity of the other. 
In a model this is impossible—in mathematics it is 
logical, provided we use the right frame of refer- 
ence. If we think about the surface point by point, 
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we will find no points that are at two places at once, 
as they would seem to be at the intersection: both 
on the part of the plane that intersects and the part 
of the plane that is being intersected, as it were. 
This apparent anomaly will become clearer when 
we get to the question of groups, or sets, later on. 


oo 
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The Shortest Moebius Strip 


Puzzles can sometimes lead to experiments 
which in turn lead to quite unexpected results. We 
are now going into the question of actually making 
a Moebius strip of paper as short as possible. By 
“short” is meant short along one-half its final edge 
as compared to its width—the width of the edges 
that we join (after giving the strip a half-twist). 
What we shall call its length is the length of the 
flat strip we start with (Fig. 1). The final single 
edge will be twice this, as it will consist of the up- 
per edge 4B’ and the lower edge A’B, joined end 
to end. The width will be the length of AB. Before 


Fig. 1 
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reading any further, see with an actual paper strip 
how short it can be and still be twisted—as they 
say, a half-twist, meaning one end turned over— 
and then joined. 

Without going into a tedious proof we can say 
that a fold in paper, pressed flat, is a straight line. 
It also happens to be true that if the paper were 
really unstretchable (inelastic) we could not twist 
it and retain a perfectly straight line along the 
middle because in this position (Fig. 2) the edges 
AB’ and A’B are longer than center line CC’. 


But we are not going to insist that the strip be 
held in this position. We can lay the strip flat, and 
fold it into Fig. 3, which is a triangle, and it can 
be seen that the strip has been given the required 
half-twist. We can shrink the triangle until the 
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Fig. 4 23 
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space in the center is closed (Fig. 4). This would 
seem to be the limit, but let us make a radical ex- 
periment, and start with a strip that is shorter than 
this proportion—which is easily worked out by 
geometry, and consists of 9 equilateral triangles 
joined as in Fig. 5. We take a strip about 2 x 6 


inches and twist it, and then force the ends to- 
gether and join them with a piece of cellulose tape. 
It will look like Fig. 6, more or less, and the place 
in the center where there had been a triangular 
opening is now an overlapping. 


ses 


Fig. 6 
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It will be seen that we can go still further, and 
shorten it so that it flattens out entirely. When this 
happens, we have a strip that consists of 3 equilat- 
eral triangles, joined as a Moebius strip is. This, it 
might be objected, is not a rectangle: but we can 
cut one end off straight, and transfer the piece to 
the other end, getting a rectangle, and the new- 
shaped strip is joined as in Fig. 7. This seems like 


— wee EE 
AB=1 00 AB= T= A\ 
ey Fold A' and A 
together 


the limit of shortness: so we shall be still more radi- 
cal and see what can be done with a square strip. 
First we notice that we could have made the above 
folding in a different order (Fig. 8): At stage one 


Fig. 7 
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we can fold the small triangles first, join, and then 
fold xx. This is identical with the previous one, 
except that it is not joined—and if it were, the joint 
would be inside, easy enough to do if we put a piece 
of tape in the right place before the final fold. Can 
we do something of this sort with a square? 

First we fold it diagonally (Fig. 9), bringing 
B’ to B; then again on the diagonal «+, bringing 
A’ up to A. We now have the edges AB and A’B’ 
lined up correctly, and there is just exactly room 


Fig. 9 B’ 


to join them with tape across the intervening edge 
AB’—not really intervening since it does not pro- 
ject beyond AB and A’B’. What we now have is a 
Moebius strip that we know is there, even if we 
cannot, as it were, open it out and look at it. We 
can, however, cut it down the center—as we did 
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to the strip on page 24—and see what happens. To 
do this it is advisable to make the cut almost to the 
ends but not quite (Fig. 10), before folding and 


Fig. 10 


joining. Then we complete the cuts. Logic tells us 
we will have one piece, and with a great deal of 
care—not to tear it—it can just be opened out. It is 
advisable to use a big piece of paper, and if it does 
tear, it can be repaired with tape. It opens into a 
square-folded piece (Fig. 11) that has two sides 
and is folded over at the four corners in the same 
way that we would get if we were to flatten the 
single, two-sided result of cutting the original 
Moebius strip, page 24. (This arrangement is 
shown in Fig. 12.) 


Fig. 11 
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It would have been even easier if we had done it 
with the triangular strips on page 42. With a 
folded and twisted square we have not, after all, 


Fig. 12 


really followed the method we did at the bottom of 
page 43. Fig. 13 shows how it would work. First 
the corners B’ and B are brought to the center, then 
the whole is folded on xs, bringing the sections 
CB and C’B’ in alignment for joining. The remain- 
ing sections of the edges to be joined, AC and A’C’, 


The Shortest Moebius Strip 


are now folded together, and joined. What we have 
is the same as in Fig. 9, except that the joint is no 
longer along the hypotenuse, but doubled along 
the center line, half outside, half inside. 

This is no improvement, but it suggests a new 
attack. Returning to the earlier one at the bottom 
of page 43, when we had folded the corners to the 
center, suppose we had folded next along the other 
diagonal, BB’ (Fig. 14). This would have the ef- 


B 
m G (B’) 
Nee 
B 
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Fig. 14 


fect of aligning the sections of edges AC and A’C’ 
inside, where they could be joined, and all we have 
to do to complete things is to fold along median 
Cm, bringing B and B’ together and joining BC 
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to B’C’. What we have done here is to make a 
Moebius strip whose length, i.e., distance between 
the edges we join, is less than its width. The actual 
proportion can be seen to be w==1, J=1/\/3 (or 
rby 0.577 <.5) 

Can this be improved on? The answer is yes; by 
an elaborate extension of the method just used, 
which the reader may care to experiment with, or 
discover. But there is a way of making an indefi- 
nitely wide Moebius strip, recently discovered by 
Martin Gardner of the Scientific American maga- 
zine, and given in the appendix. We must say in- 
definitely wide, rather than infinitely wide because 
the latter would involve an infinite number of 
folds, and that would amount to crumpling, which 
is not regarded as cricket. With crumpling we can 
do almost anything to any shape of paper—it would 
be like rubber. 

Of course none shorter than a square can be 
opened out when cut along the center—it was bad 
enough with the square. We know that the re- 
sultant 2-sided strip has to have 4 half-twists, and 
to lie flat when opened out, the available space is 
filled and the edges meet at the center, Fig. 11, 
page 45. With a wider strip they would not have 
room. 
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Fig. 15 


A 


Connectivity diagram of Fig. 15 


Using the connectivity diagram of a Moebius 
strip, try this problem: Draw one continuous 
straight line on the strip so that, when it is cut 
along, the strip will be in two pieces of equal area. 
The result of cutting along the dotted line in Fig. 
16 will be as described, and possibly surprising, but 
we make the further proviso that the cut must start 
at the edge. 

Answer is in the Appendix. 
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The Conical Moebius Strip 


In the last chapter it was taken for granted 
that we would only consider rectangular strips. If 
we were to say that the mere connecting of oppo- 
site surfaces made a Moebius strip out of any sheet 
of paper, we could take one with a small projection 
at one edge, like Fig. 1, turn A over and around 


Fig. 1 ‘ 
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and stick it to the main part, and call the whole 
thing a Moebius strip. In a sense it would be, but 
when we get to the more complicated forms, like 
the Klein bottle or the projective plane, we would 
be on dangerous ground. For instance, according 
to directions, all we are supposed to do to make a 
Klein bottle is to join one pair of opposite edges 
with a half-twist, and the other pair without twist. 
Seemingly Fig. 2 would be so connected; and Fig. 
3 would be a projective plane. 


Klein Bottle Fig. 2 


Both made from 
big paper crosses 


Fig. 3 


The trouble here is that in both these cases we 
are really supposed to connect all of both pairs of 
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edges. Self-intersection has to occur, and we have 
sidestepped this issue in Figs. 2-3. (The Klein bottle 
and projective plane will be further considered in 
the next chapter. ) 

For now we shall say that some meaningful re- 
strictions must be placed on the Moebius strip, too, 
as to how much of the edges ought to be joined to 
legitimize the transaction. To gain further insight 
into this, let us see if the amount of edge involved 
can be increased. We shall start with an annulus 
with a radial slit ( Fig. 4). Obviously the ends AO 


Fig. 4 


and A’O can be twisted and joined, making a 
Moebius surface out of the annulus. The point is: 
How big must the hole be in relation to the outside 
diameter ? Experiment will seem to suggest that it 
cannot be too small, but in fact we don’t need any 
hole to make the right joint. If we take a disk with 
a radial cut, fold A over to meet O, and A’ under 
to meet O, we can then join the surfaces on top, 
A and B’, and also the ones underneath, A’ and B 
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(under A Fig. 5). If the creases are rounded out 
we find a tubular opening running sideways, equiv- 
alent to the one in a regular Moebius strip (Fig. 
6). 


Fig. 5 


One edge is - 


r Fig. 6 


- shrunk to a point 


If this form is cut on a new radius, rO, it opens 
out into Fig. 7. This shape is what we could have 
started with, and then joined the edges rO to rO, 
getting the same result, without creases. But do we 
need to have a full disk (or its two halves, joined) ? 


Fig. 7 
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Is it possible to cut an angular segment out in- 
stead of the original radial cut, and still make the 
joint? (See Fig. 8.) 


Fig. 8 


Translated into the terms of Fig. 7, we would 
get Fig. 9. 


Fig. 9 


By folding on the vertical, bring O to O, a fold 
on Oc would align the edges rO and rO (Fig. 10). 


Fig. 10 
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Experiment will show that these edges can be 
opened still farther and the joint can be made, but 
this is not getting us any nearer to increasing the 
amount of edge joined. In fact, the unjoined edge 
is longer than the joined. So let us return to the 
first method with the disk with the radial cut, only 
this time we shall open the cut to a diameter (Fig. 
II), and try to make folds to bring the edges 
(newly labeled) AB and A’B’ together: A to A’ 
and B to B’. 


Fig. 11 


To do this we fold A to the center (Fig. 12), 
then the folded part over again, Fig. 13 (turning 
m up). 


Fig. 13 
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Finally B’ is brought over to B (Fig. 14). 


Fig. 14 


Perspective 


Actually B and A’ are contiguous points, but 
we show them as labels of different corners, or 
ends of edges, to keep track of which edge is 
which. Seen from above (Fig. 15), the edges are 
correctly aligned for joining. 


B&A' A 
/ m 
a 
B' : Fi 
Top view ig. 15 


The semicircular shape of this has no signifi- 
cance any more—the original annulus is gone— 
and the joined part is still not as long as the un- 
joined. Let us see if we can open the space, (orig- 
inally a slit), to more than a straight angle. The 
arc AB’ can be made straight, giving a triangle 
(Fig. 16). Can this be joined, AB to A’B’? And if 
so, how small can we make a? With the one here 
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Fig. 16 
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(a@=90° ), we can follow the same procedure as 
above, getting Fig. 17, and the edgewise view will 
be like Fig. 15. It will be found that the same can 
be done with an equilateral triangle (a=60° ), but 
when @ is made less than that, there is an overlap- 
ping of the not-to-be-joined edge AB’, which gets 
in the way. This, rather irritatingly, is not the limit: 
a can be reduced to 30° and the Moebius joint can 
still be made. The procedure is almost as compli- 
cated as the last rectangular one—actually more 
complex—and it will be summarily described. Use 
a tracing-paper model at least 12 inches high, and 
mark all points on both sides, and color the edges 
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to be joined—on both sides, also. Lay out Fig. 18 
in pencil, and cut it out (all points labeled): The 
apex will be called simply O, as the B and J’ of 
the last model would be in the way. C is the mid- 
point of AO, and E the midpoint of BO. 


Ch DE 
FH = DG 
HK —G) 


re) KO = JB 
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C (under) 


Pals | 


Now turn over, left to right O (under) 


Fig. 19 Fig. 20 


Fold O down as in Fig. 19, and turn the model 
over and fold BDA up on DA (Fig. 20). DO is 
now behind and flush with DA. Fold BJA over on 
JA (Fig. 21), then fold BJA over on GA (Fig. 
22). CA is now immediately under and flush with 
CO and also flush with section EO, to which we 
join CA. Turn model over again. 


_---71(B) EO can be joined to CA 
e ‘ eo ) 


‘ Now turn over, 
A left to right 
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CF can be, joined to ED HK can be joined to GJ 
f(D) anetal 

Gao a apace J (inside) 2 

ja Glinside) .-* 7 
J (inside) re) SS 2 
nF me 
(under) Ze 
~ iy Fig. 25 
K 
Me G J (inside) 


DG can be 
joined to FH 
° Fig. 23 Now turn over, \ 
left to right 


Fold D down (Fig. 23), and ED can now be 
joined to CF, part of section CO on the back. We 
now have section AF joined to section DO (see 
Fig. 18), and on the back we have available FO, 
but the corresponding section BD is mainly out of 
sight. We see DG, but the rest is flush with GE, 
folded back on itself under it. Nonetheless it can 
be got at. Fold the lower part up (Fig. 24), bring- 
ing H to G, and join FH to DG. Turn it all over 
(Fig. 25), and fold HKO to the left, lined up with 
GJ (which is inside). Then fold KO back to the 
right (Fig. 26), and the required edges are in 
position for joining. 
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K linsid hte 
(inside). J finside) linside) 


KO can be joined to JB, 


Fig. 26 
completing the joint 


Turned up to show the concealed edge sections 
(shown diagrammatically in Fig. 27), it can be 
seen how HK can join to GJ, and, outside of them, 
KO to JB. This completes the joint. A conical 


Fig. 27 


Top edge view 
of Fig. 26 


Moebius in name only—but a Moebius nonethe- 
less! Further narrowing of a has the effect of 
pulling the B/G folds inside, and let us leave them 
there. Perhaps by the exercise of ingenuity one 
could still make the joint: I leave it to the reader. 
The moral of all this is that when we allow only 
one kind of distortion (bending), unexpected re- 
lationships persist. Suspicion arises that with any 
distortion allowed, what persists must be invari- 
ant indeed, and perhaps overlooked before. 
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A\s was said on page 38, the place where 
the Klein bottle (Fig. 1) intersects itself is arbi- 
trary, and there are no points on the curve of in- 
tersection that are on two different parts of the 
surface at once, i.e., on both the narrow neck and 
the main body. The part of the main body where 


Fig. 1 
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the hole is, is supposed to continue across it unin- 
terrupted: the hole is there for the convenience of 
the model. 

When followed with the eye, the surface on the 
outside is seen to connect to the inside of the neck, 
and thus all parts of the surface. Starting at the 
top rim we can go, bugwise, down on the outside, 
or down into the neck, and so to the inside. We 
thus see that the Klein bottle is nonorientable (see 
pages 25-28). We could tell it was, anyway, from 
its construction—or connectivity—diagram (Fig. 
18, page 34), because the half-twist shown by the 
vertical arrows has joined the front with the back, 
and no subsequent (or previous ) joining—with or 
without a twist—can alter that fact. The bottle 
has one side. 

But, unlike the Moebius strip, it has no edges: 
both pairs have been joined, and consequently ef- 
faced. This is the reason for insisting that the 
Klein bottle—and, when we come to it, the projec- 
tive plane—must have all of both pairs of edges 
joined, as stressed before (pages 51-52). 

The question naturally arises: What happens 
when the Klein bottle is cut in two? Does it, like 
the Moebius strip, remain in one piece, but lose 
its single-sidedness? Well, the answer depends 
upon how it is cut, and where. The orthodox model 
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(shown on page 62), when cut down the center 
symmetrically, yields two odd-shaped pieces that, 
on examination, prove to be Moebius surfaces: 
one right-handed and the other left-handed, or 
mirror images (Fig. 2). The surface on the right 
is continuously distorted to show its homeomor- 
phic equivalence to a Moebius strip. 


y 
Jd 


Fig. 2 


Actually making this model would be difficult, 
so let us try paper, and a different version. On 
page 23 was shown a cylinder of paper, that re- 
mains, topologically, a cylinder when flattened. 
This being the case, we return to the model on 
page 37, Fig. 22, and see if it can be made flat with 
paper. We make, as before, the horizontal fold 
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Fig. 3 Fig. 4 


(Figs. 3, 4), which would give a cylinder, but no 
joint is made yet. Then the ends are brought up 
(Fig. 5) and one put inside the other. 


B.A B 
C¢ "10 


B'/ /g 
Cs A'\\A Fig. 7 


As can be seen, the corners A’P’ are not in con- 
tact with AB, but as pointed out (pages 35-36), 
this is academic in the case of the cylinder, and, for 
the same reasons, also in this case, a Klein bottle. 
The sense (rotational ) of A’—B’ is correctly aligned 
with A-B. What we now have, looking down on 
the ends, is shown diagrammatically (Fig. 6), and 
it is the same as Fig. 7 where the corners A’B’ are 
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in contact with AB, from the point of view of 
sense. Once an edge is distorted (and joined) into 
a circle, the only criterion is its sense or orienta- 
tion. 

In Fig. 5 we join the edges A’C’ to CB, and B’C’ 
to CA, leaving an opening between CB and CA 
the opening at the top of the Klein bottle. The self- 
intersection is from + to C. The two previously 
unjoined sections of the long edges (parts of AB’ 
and BA’ below +x, and also inside above it to C’) 
can now be joined, and we have a paper model of a 
symmetrical Klein bottle. 

If we do not make this final joint—of the long 
edges—but regard the lack of joint as part of a 
new cut which we continue along the longitudinal 
fold CC’, we get the two Moebius strips men- 
tioned earlier: one the reverse image of the other. 
We note again, as on page 37, that the acute-angle 
joints at the top of these Moebius strips (Fig. 8) 


B 


Fig. 8 
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—and the Klein bottle above—can be (mentally 
in the case of the latter) opened out into a smooth 
curve. 

Fig. 9 shows the homeomorphic distortion of 
this model into the more usual depiction of a Klein 
bottle. On the last drawing a dotted line shows 
where the cut should be to get the two Moebius sur- 
faces. 


Fig. 9 
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Keeping in mind the principle of correctly ori- 
entated joining of the edges AB and A’B’, let us put 
them together in a different way: in fact accord- 
ing to Fig. 7. To do this means giving a half-twist 
to the 4’C’B’ part (Fig. 10). This, we know, does 
not alter the sense of the orientation, but if we 
now, after joining ACB and A’C’B’ as before, 
merely refrain from joining the edges AB’ and 
A’B at all, and consider this alone as our cut, and 
open it out, we havea single Moebius strip—folded 
longitudinally, and with an acute transverse fold 
at AA’-BB’. 


“ ee c 


Translated to the usual model, the cut is tricky 
to find: it is shown in Fig. 11, and we can see that 
it does not divide the Klein bottle into separate 
pieces. We show it successively being opened out 
in Figs, 12-14. 


Fig. 10 
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Fig. 13 Fig. 14 


Two more experiments can be performed with 
this method. The cuts have been made along the 
natural, or obvious, lines of existing folds or 
edges. What happens when we make them diag- 
onally or, more accurately, spirally? Let us take 
the first paper model we made—which, when cut, 
gave two Moebius strips—only this time run the 
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cut from the right-hand corner, AC’B, down, 
around, and up to +, instead of to C as we did be- 
fore. This cut will have to be on the surface fac- 
ing us, A’C’—-CB, only; otherwise nothing very in- 
teresting happens (try it and see). Then on the 
back surface, AC-—C’B’, we make another cut 
from C, down around and up to x. Bear in mind 
that this is being done to a model that has had all 
the necessary joints made, and that, in making the 
second of these new cuts, when we get to 4 we are 
at the intersection, and the joint ceases along the 
portion +C ; but with the first cut, when we get to 
4, we must continue up inside to B (Fig. 15). 


Fig. 15 


x-B cut inside 


What we have done is to make two separate 
cuts : each self-connecting like a loop, but not really 
connected with one another from the point of view 
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of a true Klein bottle, as they merely pass one an- 
other at the intersection, and are on different parts 
of the surface as a whole. The result is quite un- 
expected: the two cuts have left the Klein bottle 
in one piece, which we will find has 2 sides and, 
therefore, 2 edges. 

Fig. 15 has been distorted at the lower part, as 
though the paper were rubber, and the turning- 
around-and-up of the folded strip is flattened out, 
without perspective. The two cuts make the 2 edges 
of the resultant single piece. Fig. 16 shows the 
translation of these cuts to the usual model. It will 
be seen that one of the cuts goes through the inter- 


Fig. 16 
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section, in theory, so here it goes around the neck, 
following the arbitrary closed curve of the hole, 
on both sides. (The neck is not joined to the edges 
of the hole.) If the reader is interested in making 
a nonflat model along the lines of the above, short 
of blowing it out of glass (which would be prac- 
tically impossible to make cuts in), the best thing 
is a paper model like Fig. 17 which, although it re- 
sembles a steam cabinet more than a smooth 
Klein bottle, is topologically the same as the latter. 


<> 


eee 


> 


Fig. 17 


It also has the advantage of being cuttable. (A 
steam cabinet, one imagines, for the man men- 
tioned on page 35, who could put on his coat with 
the sleeve turned inside out.) A scale pattern for 
its construction is given in the Appendix. 

The second of the remaining experiments is to 
make the rim connection, 4C—C’B’ and A’C’-CB, 
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with the edges alternating. The top view shown in 
Fig. 18 gives the method and it is extremely hard 
to visualize this in terms of the usual model. The 


part we have been calling the neck is no longer all 
inside the main part: half of each part is inside 
and half of each is outside. With an ideally imag- 
ined Klein bottle, in one respect it makes no dif- 
ference to the way in which the imside is joined to 
the outside. As shown in Fig. 19, the two planes 
are each marked A and B, indicating the two sides 
to be joined. When the joint is as on the left, A 
joins to A, and B to B. Fig. 20 shows that the mere 
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reversal of position does not affect this: A still 
joins A, and B still joins B. However, when we 
make the model this way, and cut it symmetrically 
down the edges or folds, as with the first model we 
made (page 66), instead of getting two Moebius 
strips that are mirror images of one another we 
get two that are identical. On the other hand, when 
cut diagonally, or spirally, as on pages 69-71, the 
result is one strip, with 2 sides, 2 edges, and 2 half- 
twists, (The reason for this will be seen later. ) 
To represent cuts made on this surface in terms 
of the orthodox model is meaningless, as the latter 
no longer gives a true picture of the new manner 
of intersection. The nearest equivalent along the 
lines of the smooth one is shown in Fig. 21: it has, 
like the others, only one side, but the joining and 


Fig. 21 
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intersection follow very arbitrary rules. It really 
does not belong in polite topological society and 
should only be used to annoy mathematicians who 
disapprove of paper models. (It is called the 
Slipped-disk Klein bottle. ) 

Let us enumerate the various models we have 
made, and their resultant pieces when cut. We 
shall do this in the form of the connectivity dia- 
gram we have used before. Bear in mind that the 
different arrangements of the joints, and the an- 
gles of cutting in these models, has, with the ex- 
ception of the slipped-disk one, not affected the 
Klein bottle as such—only the way in which we 
have cut it. Diagrams of each model and cut are 
shown. 


1. Pages 63-65: 1 cut along AB’ and CC’. Gives 
2 M-strips, mirror images (Fig. 22). 


Top view 
of joint 


Oo 


Fig. 22 
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2. Page 68: 1 cut (failing to join AB’ to A’B). 
Gives 1 M-strip (Fig. 23; see note later). 


Top view 
of joint 


Fig. 23 
3. Pages 60-71: 2 cuts, Ca’ and «C’. Gives I strip: 
2 sides, 2 edges, 4 half-twists (Fig. 24). 


Top view 
of joint 


c Fig. 24 


4. Page 70: Not shown. Cut is through both sur- 
faces, gives a Polynesian canoe (Fig. 25). 


C¢ 
Top view 
of joint Cc 
B A' 
BA 
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5. Pages 73-74: 1 cut along AB’, but as AC has 
been joined to C’B’ with sense opposite to joint 
of CB—-AC’, it gives 2 M-strips with the same 
orientation, i.e., identical (Fig. 26). 


Top view 
of joint 


Fig. 26 


6. Page 74: 2 cuts, CB’ and xC’. Gives I strip: 2 
sides, 2 edges, 2 half-twists (Fig. 27). When 
opened out and flattened, gives the folds as 
shown in Fig. 28. 


Top view 
of joint AY 


x Fig. 27 
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I n the Klein bottle we had to get around the 
difficulty of an intersection by cheating a little in 
the proportions, but in the projective plane the 
intersection is total, unavoidable, and involves all 
of both pairs of edges. This is because both pairs 
are given a half-twist when joined. A paper model 
—or sort of a model—can be made with a con- 
siderable amount of trouble, and when it is made it 
cannot be opened up, like the square Moebius strip. 
All one can do is say, “My!” 

The model in question is made the same way as 
the square M-strip, except that we not only join 
AB to A’B’ across the intervening edge, as on page 
44, but the rest of the edge (in two folds) is joined, 
as it were, through the first joint. To do this we 
have to resort to the trick shown in Fig. 1, a small 
sample of the fake intersection being given at the 
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Fig. 1 


side. There seems to be a question among topolo- 
gists as to the legitimacy of this model: the point x 
at which the intersection intersects itself is a little 
dubious, and might cause raised eyebrows in strict 
circles. If a projective plane has a hole in it—even 
if the hole is merely the removal of one point—it 
is deformable into a Moebius strip, even as a 
sphere is deformable into a plane if a hole is made. 
This deformation, however, is not an ordinary 
one: it would involve diametrical lines composing 
the whole surface passing through the others. 
When the hole is made (but we have not begun 
to distort), the surface is what is known as a 
cross-cap. 

In a sense one could make a cross-cap merely 
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by cutting the corner y off the model on page 79, 
but a better way to visualize it is to imagine—or 
make, but it would be quite hard—a Moebius strip 
in which the edge consists of fairly heavy wire, 
and the surface is replaced by strands of very 
elastic rubber—say thin rubber bands cut open— 
which are attached crosswise. Fig. 2 shows the 
arrangement. If the wire edge is labeled with 
numbers in pairs on the points of the edge that are 
opposite one another, and we open the wire in the 
way shown in Fig. 3, the strands are stretched, but 
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as can be seen (Figs. 4-5), they will have to pass 
through the wire and one another as we approach 
- acircular form. If we imagine they have done this, 
when a circle of the wire is made, every strand is 
now a diameter. Consequently the strands are all 
stretched the same amount, and if we imagine they 
were truly continuous and joined sideways, as they 
would be if they formed the original surface, we 
would now have a wire-edged rubber disk (Fig. 6). 
It would have no hole to correspond to the loop, 
1 edge as before, and 1 side. This is because if the 
orientation of the new edge is examined, we see 
that the numbers run in such an order that oppo- 
site parts of the edge are connected with a half- 
twist, which means the 2 sides are connected. Now 
we distort the disk into a square (Fig. 7), and the 
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Figse7, 
er a nd i 2 

numbers show that it is connected according to 
the recipe for joining the edges of a projective 
plane. All we have to do now is to let the square 
into the side of a sphere, like a patch on a tire, and 
we have a somewhat distorted projective plane: 
really a sphere with one cross-cap. 

The significance of all this will seem a bit re- 
mote, but we shall next offer an example of the 
use of models which shows them as a means of 
analyzing forms, as well as merely exhibiting 
them. 


Symmetry 


From now on we shall call the “half-twist” given 
to a Moebius strip just “a twist”—the strip has 
been turned over once, and ‘‘twist” is clear enough, 
and saves words. 
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Some of the questions raised by models are not 
only hard to answer in set-theoretic topology, but 
might not even arise. For example, why does a 
Moebius strip with only 1 twist give, when cut 
down the middle on its axis, a loop with 4 twists? 
Also it seems, to say the least, peculiar that the 
cylinder and torus are symmetrical, while the 
Moebius strip is not, since it can be either left- or 
right-handed. Cylinders and tori can be made 
asymmetrical, but the point is that they can be 
symmetrical, whereas a Moebius strip—or at least 
its model—cannot be. While a Klein bottle can be 
cut so as to yield a single Moebius strip, we can 
get either a left-handed or a right-handed one, 
depending on which side of the neck, or intersec- 
tion, we cut. How about a projective plane? 

Martin Gardner sent this writer a small paper 
model, explaining it was a projective plane. It 
looked simple, easy to make, and as innocent as a 
mushroom. It is shown here, Figs. 8-11, and this, 
and all subsequent models should be made by the 
reader. 

The square of paper (Fig. 8) has two cuts, 
ax'—ee’ and yy’. In Fig. 9, the right half BA’ is 
folded to the left on the dotted line; B on A, and A’ 
under B’. This is done by tucking the slit yy’ into 
ax’. In Fig. 10, the bottom flap B’ is folded up onto 
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B, and in Fig. 11, the flap 4’ is folded up behind 4. 
Now the top and left-hand edges of the flaps 4 
and 4’ are joined, and so are the top and left-hand 
edges of flaps B and B’, and the edges of the verti- 
cal portion of the cut ee’ are rejoined. The un- 
joined edges x2’ and yy’ are considered as inter- 
secting the uncut surfaces ¢ and 2’, and could in 
fact be partially joined in the way shown in Fig. 1 
(page 79). 


Fig. 9 


Fig. 10 


Examination shows that each pair of opposite 
edges of the square, Fig. 8, has been joined with a 
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twist, and the slit ee’ is reconnected. Thus, if we 
allow an imperfect intersection, as we did with 
the Klein bottle models, we have a projective plane. 
All seems well, but the edge BA’ is half in front 
and half behind the edge AB’: is this allowable? 
Let us try an experiment. 

We shall make only the joints for the top and 
bottom edges AB and A’B’. Things will be clearer 
if we use a very narrow rectangle, shown on its 
side, and cut and labeled the same; Fig. 12. The 


A’ B 
Fig. 12 

result should be a Moebius strip when AB and 

A’B’ are joined, but when we try to open it out it 

has a most unorthodox appearance—we have, of 

course, not forgotten to re-join ee’—Fig. 13. Per- 


haps it is a Moebius strip in disguise—the homeo- 
morph of one? 


———-J, 
pee 
——————————————— 


Fig. 13 Intersection 


We now cut it along its center axis aa’, the elon- 
gated equivalent of aa’ in Fig. 11, and we should 
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have a single 2-sided, 2-edged loop with 4 twists. 
Instead we have Fig. 14, and when pulled out side- 
ways—disengaging the intersection—we find only 
2 twists. Something is wrong. 


Fig. 14 After pulling out 

We repeat the experiment, joining only the other 
pair of edges, AB’ and BA’, and this time using a 
rectangle narrow in the other direction, Fig. 15. 
Having also re-joined ee’, we cut along aa’, and 


(Cite 
B’ A' 


‘ : ee’ rejoined 
Fig. 15 Intersection 


we have a loop with no twists: a cylinder. What 
has happened? Well, for one thing we have elim- 
inated the intersection by cutting through it, but 
why should this cancel the twist? 

Let us return to Gardner’s square version, 
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shown in Figs. 16-19. When we first tuck the slit 
yy’ into rx’ (Fig. 16), we shall refrain from creas- 
ing the paper. Next we bring 4’ up behind 4, and 
B’ up in front of B (do not join ee’), and seen 
from above (Fig. 17), it is a double cone. In Fig. 


Fig. 16 Fig. 17 


18 we have cut off the corners AA’ and BB’, get- 
ting a smooth-edged cone. It is homeomorphically 
the same as Fig. 11. We open it out again and have 
a disk, Fig. 19. This suggests a change that can 


Fig. 18 Fig. 19 
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be made in the original square model, shown in 
Fig. 20: the dotted lines are the old edge positions. 


Fig. 20 


When. folded as before, there is a new line-up of 
edges, in that now there is no edge half behind and 
half in front of another edge. When we make the 
same tests as we did above, by joining only one 
pair of opposite edges at a time, we get a slightly 
different result. We will have to use square models 
for this, as the elongated versions do us no good 
with the new diagonal slits. This time we get a 
loop with 2 twists in both cases—no cylinder this 
time. 

It is rather hard to see what we are doing with 
the square models, but with a pencil we can trace 
through them and count the number of twists. 
Since this time we did not cut along the intersec- 
tion, it is not so surprising that we did not get a 
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cylinder as we did before, but why 2 twists, instead 
of 4? Let us try again. 

In Fig. 18 we erased the distinction between the 
pairs of edges joined, by cutting off the corners, 
making the edges continuous. The ideal projective 
plane has no corners, and neither does a cross-cap 
—the one produced by opening out a Moebius strip, 
pages 81-82, has none, although if it did it would 
still be a cross-cap. The ideal versions of all these 
forms are completely symmetrical—even the Moe- 
bius strip, odd as it seems. Let us take the smooth- 
edged cone, Fig. 18, and flatten it out by adding 
more paper. We cut down the dotted line, Fig. 21, 
through both layers, open out and add gussets, 
which are V-shaped (Fig. 22). If these are wide 


aa 


Fig. 21 Fig. 22 


enough the cone will become a disk—without topo- 
logically altering it. We shall have 2 thicknesses 
running in a flat helix, and with an intersection 
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Fig. 23 


running radially from center to edge, Fig. 23. It is 
easier to make this model if we start from scratch 
with 2 disks, cut radii in each, and join. To make 
this into a projective plane we join the circular 
edge of the upper to that of the under surface. If 
we now cut along the line aa’, just beyond the cen- 
ter C—the end of the intersection—we get 2 pieces, 
shown in Fig. 24, with outer edges already joined, 


Gis 
= 


and tilted for a better view. The bottom half is a 
cross-cap and the top is topologically a disk. As we 
said, page 8&2, fitting a cross-cap into a hole in a 
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sphere gives a projective plane, and our disk is 
topologically a sphere with a hole in it: so before 
cutting aa’ we had a projective plane. 

The difference here is that the cross-cap on pages 
81-82 was flat, of one thickness, and-had its inter- 
section concentrated at the center—and we could 
not make it in actuality. It was symmetrical about 
a point in a plane, but the fact that the present one 
is not is no worse than the models we made of 
Klein bottles—we must do the best we can with 
intersections. Both they and the model we have 
just made are symmetrical about a line drawn on 
them, or a plane in 3 dimensions, but a paper Moe- 
bius strip is not. Let us digress to a case where 
intersections are not merely inaccurately repre- 
sented, but side-stepped entirely. 

On page 51, Figs. 2 and 3, we showed very in- 
complete models of the Klein bottle and the pro- 
jective plane made from paper crosses: incomplete 
because they are supposed to have all of both pairs 
of edges joined. In a similar way we could join a 
square Moebius strip by cutting slits in the sides, 
Fig. 25. It will twist easily about the tiny uncut 
part, P, but the slits are part of its outline, so it is 
not fair and square. Is the slit ee’ in the Gardner 
models akin to this ? Hardly; since it gets re-joined, 
whereas the slits in Fig. 25 cannot be, after join- 
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A B' 
a a’ 

Fig. 25 
B A’ 


ing AB to A’B’. In spite of this defect, the latter 
will give a loop with 4 twists when cut along its 
axis, aa’. 

We shall now make axial cuts in the cruciform 
model of page 51, shown here again, but flattened 
to clarify the twists, which become folds, Figs. 
26-27. These are both of projective planes, Fig. 26 
being symmetrical in that one pair of arms are 
joined with left-hand twist and the other pair with 
a right-hand twist. In Fig. 27 they are twisted the 
same way: left. After cutting on the dotted lines, 
Fig. 26 gives 2 loops, linked. One of these has 2 
left-hand twists, and the other 2 right-hand twists. 
Notice: 2, not 4. 

When Fig. 27 is axially cut it gives (shown 
next to it) 2 unlinked loops, one with 4 twists, and 
one with none—a cylinder. This series of experi- 
ments is reminiscent of the Gardner model, and 
suggests that it is symmetrical. When we trim the 
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Fig. 27 
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Fig. 28 


latter to the bone, as it were, Fig. 28, making it 
cruciform but distorted, it is plain that the two 
pairs of edges are joined differently: right and 
left. (In trimming it is wise to make the creases 
for the folds first.) The reader may want to try 
the experiment—after reading this chapter—of 
joining adjacent, rather than opposite, arms of 
cruciform models, with various arrangements of 
twists and cutting. Some of the results are quite 
bizarre. We leave it to the reader to decide what 
they are. 

We have still not explained why some of these 
models give only 2 twists when cut, but for that 
matter, why does a Moebius strip give 4? It had 
the same number of twists—one, before cutting. 
Let us make a Moebius strip that will lie flat, Fig. 
29. There is one crossing of the edge with itself at 
C, which cannot be removed by distortion, or even 
the cutting and re-joining allowed by homeo- 
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Made of 2 pieces 
joined at J 


Fig. 29 
Joint 


morphism. As was said earlier, a homeomorphic 
transformation allows us to make temporary cuts 
provided we reconnect what was connected, point 
for point. Thus a right-handed Moebius strip can 
be cut and re-joined into a left-handed one—even 
with more than I twist provided the number of 
twists is odd. 

When Fig 29 is cut axially and opened slightly, 
Fig. 30, we see that the original twist shows in 
two places, 4 and B, imparting 2 twists to the new 
loop, but there is also a crossing of the loop with 


Fig. 30 
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itself at C’, corresponding to the crossed edge C in 
Fig. 29. We now consider this new crossed part 
C’, with the edges x and y emphasized, Figs. 31-33. 


Fig. 31 
_—— et 
\ ae ea, \ 
x 
* ok . x Fig. 32 
y 7 y 
x x 
i eS 
Y Fig. 33 z 


We pull it out as per the arrows to find that we get 
2 more twists, which added to the first two give a 
total of 4. It would seem that the original twist 
given to the Moebius strip was not alone: there 
was another concealed in the mere fact of the 
edges crossing one another—in making the new 
connectivity of the 2 edges of the untwisted and 
unjoined strip we used. The concealed twist seems 
to be apart from the physical act of twisting. 

If we take paper strips and give them different 
numbers of twists, join them and cut along the 
axes, and count twists, we get the following table: 


96 


The Projective Plane 


Before cutting After 
4 


O CON AM BPW ND 
— 
bo 


20 
20 etc. 


— 
(e) 


Note: When there is an odd number greater than 
one of twists before cutting, the resultant cut loop 
will have a knot in it, more complex as we increase 
the number. The significance of this will be ex- 
plained later. 

In each case, increasing an odd number of twists 
by one fails to increase the final number after cut- 
ting: this final number being the sum of the twists 
in the two loops that always result from cutting 
‘one that has an even number of twists. One would 
expect the number to be double that of the uncut 
loop, when:the latter had an even number of twists, 
since cutting has merely given two new loops, both 
identical with the uncut version. Apparently add- 
ing 1 twist to an odd number is canceled by the fact 
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of changing the connectivity of the edge back to 
what it was with the untwisted, original strip. So 
that at each increase from an odd to an even 
number we gain an addition of zero, but with an 
increase from an even to an odd number, we gain 
4 new twists, as we did at the beginning in making 
our first twist, except that from one odd number 
of twists to the next odd number we have added 
2 twists. This would seem to mean that in the odd 
numbers we do indeed progress according to the 
actual number of added twists—doubled by cut- 
ting—but with the persistent addition of the orig- 
inal extra two. Complicated, but logical. Now all 
we have to do is explain why the Gardner models 
keep giving 2 instead of 4 twists. 

To return to the knots: the counting of twists 
after 3 and more odd-number twists is difficult un- 
til we recognize these facts. The mere twisting of 
one strip around another does not necessarily put 
a twist individually in either. Fig. 34 shows two 


Fig. 34 


paper strips cut with serpentine outlines: they are 
made to go over and under one another, but neither 
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is twisted in itself. In Fig. 35 the same sort of 
thing has been done with a single strip, and to 
make this model—flat—we shall need two pieces 
of paper pasted together. It is obviously not 
twisted, to look at it, but looks are deceiving. It 
can be untwined from itself and will be as shown 
in Fig. 36, and we see at once that it is the same as 


Fig. 35 


Waves marked S can 
be placed at S'S’; 
but, if X is pulled 

in, it replaces the 
right-hand S where 

it had been. 


Fig. 36 
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Figs. 31-33: disregarding the waves, it is a cross- 
ing of a loop with itself at C. When this is un- 
crossed as in Figs. 31-33, we find that it is in es- 
sence 2 twists. 

All the knots generated by odd numbers of 
twists are of this form: no matter how many times 
the strip twines over and under itself, it makes two 
and only two circuits. Thus in counting we can 
hold one small section down with a thumbtack, 
trace the convolutions of the strip from end to end 
(from the thumbtack and back to it), keeping care- 
ful count of how many times it turns over—ignor- 
ing the number of times it goes over and under 
itself, and add two—that is, the number of twists 
it has—which in the case of Fig. 30 was two as 
it also made two circuits before being cut to open 
out. 

Let us again examine the object we showed in 
Fig 13: it has 1 side, 1 edge; and no apparent twist. 
When cut axially it gives a loop with 2 twists— 
left-handed if opened to one side, right-handed if 
opened to the other. We can now see that it is truly 
a symmetrical Moebius strip, and the resultant 2 
twists come from the mere fact of the connectivity 
of the edge: nothing more has been done which 
would add to that. We are finally getting some- 
where. Fig. 37 shows again the cut version of 
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the above, and it may not seem to have the two- 
circuit form mentioned earlier, but we turn one 
loop over into the position shown in Fig. 38, which 
now gives the double circuit. Since the intersec- 
tion is imagined to be ideal, we can pull it out side- 
ways according to the arrows, or in the opposite 
directions, getting right- or left-handed twists. 


a 


Fig. 37 


Rejoined 


Fig. 38 


If we take the “boned” model, Fig. 28, and cut it 
axially, after having joined only sections A and 
A’, we find that it is an orthodox Moebius strip 
cut axially: the result has 2 sides, 2 edges, and 4 
twists. To count these it may be easier to cut off 
the unjoined arms. The twists will be right-handed, 
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but if we had instead joined sections B and B’, the 
twists would have been left-handed. 

Let us re-examine the circular form of Gard- 
ner’s model, Fig. 23, and do a little surgery : we find 
that it is very adaptable—even ambidextrous. By 
cutting on the dotted lines, Fig. 39, we get the 
homeomorph of the symmetrical Moebius strip 


Partial joint 


~=—_ Joined for 
broken-line cut 


Fig. 39 


of Fig. 13. Another version of the same thing is 
got by cutting on the broken lines, and both this 
and the previous one give 2-twist loops when cut 
axially. As we said of Fig. 23, cutting across just 
beyond the center C gives a disk (or cone) and a 
cross-cap: the word “beyond” is important. 
The cross-cap obtained by cutting through C, 
the end of the intersection, looks like this, Fig. 40, 
and is the way it is shown in many books. As can 
be seen, it has 2 sides (shaded and unshaded, with 
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Fig. 40 


arrows showing the connection), which is not cor- 
rect. One should be able to cut a Moebius strip 
from it, but we cannot. If we extend the sides up- 
ward a little, the two surfaces are at once con- 
nected, Fig. 41, even when we choose the arbi- 
trary shape shown here. The addition allows us to 


If SY) 
5 Fig. 41 
trace out a left-handed Moebius strip, the inner 
line, and it is easy to see how a right-handed one 
could be got instead. This cross-cap has only 1 side, 
and fulfills the definition of being a projective plane 
with a point removed: in this case the point being 
enlarged to a disk. If we modify the shape of the 
part connecting the inside of the left with the out- 
side of the right part, and the outside of the left 
with the inside of the right, we can cut a sym- 
metrical Moebius strip from it, Fig. 42. 
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Fig. 42 
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The cruciform projective plane models—sym- 
metrical, both arms left-, and both arms right- 
handed—can all be cut from the circular Gardner 
model. Fig. 43 shows the first and the last men- 
tioned. We have only made the connections be- 
tween the upper and under parts of the edges 
where necessary for the desired results, which 
shows that these can be got from a cross-cap 
also. 

It cannot be too strongly emphasized that the 
Gardner model, like the ideal projective plane, 
is not symmetrical because of having “one pair 
of edges joined with a left-hand twist and the other 
pair with a right-hand twist’”—when completed 
it has no twists, in spite of twists used in con- 
structing the model. It is analogous to a circu- 
lar track which can be said to “go around clock- 
wise,’ if you traverse it clockwise, and with equal 
justice can be said to ‘“‘go around counterclockwise”’ 
when so traversed. 

On pages I0I-102 the impression might be 
gained that when joining only sections B and B’ 
(of Fig. 28) and cutting it axially we get the re- 
sult of a left-hand twist because of a left-hand 
twist in the original ‘“‘unboned” model. This is not 
so: we could have boned the same model differently, 
and the same two edges now have—or seem to 
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have—a right-hand twist, and give right-hand 
twists when cut axially. 

We show here two ways to bone the square and 
diagonal versions of the Gardner model, all con- 
structed the same way. 


Giving left-hand-twisted 
Moebius strips 


S 
Giving right-hand-twisted 
Moebius strips 


(Slits S must be rejoined.) 
Fig. 44 


This section has demonstrated how a small and 
unimportant-seeming anomaly in a lowly paper 
model—some people regard all models as lowly— 
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can lead to the understanding of a fundamental 
concept in topology: Symmetry. We can now un- 
derstand how mathematicians think of a projective 
plane as being neither right- nor left-handed, and 
of a Moebius strip without twists. Perhaps the 
recently discovered left-handedness of certain sub- 
atomic particles will turn out, in the end, not to 
mean an asymmetrical universe, but merely that we 
happen to detect a left-handed section of some- 
thing that is symmetrical in the Einsteinian space 
of more than three dimensions. Let’s hope so. 
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era are, in the early and more discern- 
ible reaches of topology, some theorems that have 
been propounded and proved. Some of them, like 
the Jordan curve theorem (pages 7-8), are famous 
possibly because they seem so obvious and are yet 
so difficult to prove. 

Another of this kind is the tiling theorem. It 
states that on a (2-dimensional) surface it is im- 
possible to make subdivisions—or cut it up into 
regions or faces—so that no more than two of 
them meet any point, provided none of these re- 
gions is larger in any direction than a chosen size. 
For example: if we divide the whole surface into 
checkerboard squares we can satisfy the last con- 
dition because if the chosen size is 1 mil, we make 
the square smaller than a mil (diagonally). But 4 
squares come together at every corner, so the first 
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condition is not met. (And 3 bricks meet at each 
corner on a brick wall.) 

The first condition can be met by covering the 
whole surface with nontouching polka dots, but 
then the background—which is certainly one of 
the regions—would be bigger than the chosen size, 
if the chooser had his wits about him. Another 
way might seem to be making a series of concen- 
tric circles—they would never break the first rule 
by touching and therefore making points of meet- 
ing of more than two regions. Eventually, though, 
they would get too big, and even if they didn’t, 
they would then leave too big a background re- 
gion. You can’t win. This would seem intuitively 
obvious but the proof is not. As a matter of fact 
the theorem goes on to generalize in an unlimited 
number of dimensions, but we shall not go into 
that. There is another theorem which is even more 
famous—or notorious—because after over a hun- 
dred years it has still not been proved. 

This is known as the 4-color map problem—not 
officially a theorem until it is proved. It says that 
you need only 4 colors for a map—any map, pro- 
vided it is drawn on a simply connected surface 
like the world, or this page. 

As we all know, any number of regions—or 
countries—can meet at a point, but they are not 
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considered as all touching so as to need different 
colors for every one. (A checkerboard can be, 
and is, colored with only 2 colors, although 4 
squares meet at each corner of most of the 
squares.) The regions must have at least a finite 
amount of common boundary. Also we are not 
concerned with making the seas blue, or the Brit- 
ish possessions pink; only with giving contiguous 
regions different colors. No one has ever made a 
map that needs more than 4 colors: no one has 
ever been able to prove that no such map can be 
made, and a great many learned brains have tried. 
It has been proved that 5 regions cannot be ar- 
ranged so that each one touches every other one— 
the proof is trickier than it seems, if it is made 
absolutely rigorous—but that is not the same thing. 

We can start drawing a map, and color it as we 
go, and eventually get ourselves stuck and have to 
backtrack, and rearrange previous colors. It has 
always been possible to do this successfully, but so 
far no one has proved that this must be possible. 

The most irritating part is that a much harder- 
seeming theorem has been proved: that on a torus, 
or any doubly connected surface, 7 colors may be 
needed, and 7 colors are always sufficient. In case 
the reader likes to puzzle people, Fig. 1 can be 
drawn on a paper torus (doughnuts are no good 


110 


Map Coloring 


Fig. 1 


for cartography), and offered for coloring after 
appropriate palaver. As can be seen, there are 7 
regions, and each touches every other one (re- 
membering the joints as shown. ) 

It should be explained that the regions on oppo- 
site sides which meet along a fold must have dif- 
ferent colors. Even the Moebius surface has been 
proved to need no more than 6 colors, and in fact 
sometimes needs that many. If a strip is subdivided 
as in Fig 2, then twisted and joined, we see that 
there are 6 regions, and each touches every other. 
The strip having one side, we regard it as trans- 
parent: the colors show from both directions (see 
orientability, pages 25-28). 


Heavy black lines on tracing paper 
Fig. 2 
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The 4-color problem has been attacked from 
various angles, the most promising-seeming being 
Euler’s formula for polyhedra, since a map can be 
topologically changed to one, and the formula ap- 
plies anyway, as we have seen (page 17), to any 
figure that consists of faces (regions), edges 
(boundaries), and vertices (meeting points of 
boundaries). In spite of exhaustive analysis the 
basic problem has not been solved, although some 
interesting theorems have appeared as by-products. 
In a sense we could call it the 3-color problem, be- 
cause if we can draw a map so that the outside 
regions need more than 3? colors, we can then sur- 
round it with a single region which will need a 
fifth color. 

This does not mean that this map uses only 3 
colors, except for the surrounding region, to come 
out right, but that in all cases we must be able to 
rearrange the colors so that only 3 are needed for 
the exterior regions. In this map, Fig. 3, we start 
coloring the inner regions: 1, 2, and 3. Then the 
surrounding ones: I, 2, and 3 as shown, but -r will 
need a fourth color, and y will need a fifth. To 
avoid this we must “retire” the fourth color at x 
to one of the inner regions, which lets us use 3 for 
a. If we can find an infallible method of retiring 
the exterior fourth colors at each succeeding stage 
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ee Fig. 3 


as we move outward, we shall have solved this 
phase of the problem. 

Any map can be made more uniform by chang- 
ing it into what is called a regular map—one in 
which no more than 3 regions meet at any point. 
This will not affect the coloring, because all we do 
is to say that some nontouching regions do touch 
—and if we color them differently no harm is 
done. The usual method is to put a new area, 4 
(Fig. 4), in place of the point of meeting of more 
than 3 areas, p. We now have the four points a, b, 
c, and d, each being the meeting of only 3 areas 
(regions ). If we color this second map correctly, 
and then remove 4, the result will still be cor- 


Fig. 4 
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rectly colored, albeit perhaps with 3 colors when 
2 would have done as well. We have sacrificed sim- 
plicity for uniformity—sometimes useful in mathe- 
matics. 

We can get a still greater uniformity if we first 
convert the map to its dual. This is a connectivity 
network, or grid, in which the areas are repre- 
sented as points, and the connections—the touch- 
ing of areas—as lines joining the points. The map 
shown in Fig. 3 is given in Fig. 5 with a point in 
each area, and a line connecting them in every 
case of touching. Then the map is removed, leav- 
ing its dual ( Fig. 6). Since it also happens that the 
map was regular, all the polygons of the grid are 


Dual 
(lines shortened) 


Fig. 5 Fig. 6 
triangles. Had it not been regular we could have 


made it so without the addition of new areas, as in 
Fig. 4, but by triangulating. The map in Fig. 7 
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Triangulation forces us 
to use 4 colors in grid 


| aa NOL 


1 Fig. 8 


gives the grid in Fig. 8 and the square and penta- 
gon are made into triangles by adding the dotted 
lines, which will not hurt the solution for the rea- 
sons given above, page I13. 

Coloring means, here, labeling the points so that 
no two that are directly connected have the same 
number-label. It will be found that we are no 
nearer the solution, but at least we know we are 
dealing exclusively with triangles. We can now 
simplify further. It is obvious that in a map any 
islands, or enclaves, can be ignored since they 
only touch the area around them, and can be col- 
ored—labeled—differently from it. Also, an area 
surrounded by 2 or 3 mutually touching areas 
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Fig. 9 Fig. 10 


(Figs. 9-10) can be ignored as they need 2 or 3 
colors anyway, and the inner one can be the third 
or fourth color. This also applies to a group of 
areas when entirely encompassed by no more than 
3 mutually touching areas (Fig. 11). The group 


aly 
aD. 


constitutes a separate map, in that its personal 
problems cannot affect what lies outside the en- 
compassing areas: the latter need 3 different colors 
no matter what, and if we prove the theorem for 
any map, it will also apply to the isolated group. 
This means that no grid will ever have a triangle 
containing any other point or line, except the e+- 
terior triangle if there is one, Also, we shall never 
have less than 4 lines meeting at any point (Fig 


Fig. 11 
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Fig. 13 


b 


Fig. 14 
c id Fig. 15 


12), as it could only occur in a single (possibly dis- 
torted) triangle—forbidden in Fig 10. Every tri- 
angle 7 would have three other triangles on its 
sides, with independent vertices a, b, and c (Fig. 
14), since if two of them have a common vertex 
V, the result would be Fig. 15 (the grid of Fig. 
10). Lastly, all redundant connections are deleted, 
as we would color the connected points differently 
anyway. 

If the map is on a sphere we open it out flat, as 
we did with the polyhedra on pages 11 and 12, mak- 
ing the area on the back into the exterior area of 
our new map. This, in the grid—or dual—becomes 
a single exterior point p, which is connected by a 
line to each of the previous exterior points, and 
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Fig. 16 


will always give a triangle for the exterior polygon | 
(Fig. 16). 

The reader is now on his own: since the ground 
has been so thoroughly gone over before, no in- 
ducement is offered beyond entertainment. But it 
may be that a fresh, more intuitive eye might see 
what the experts have missed. 

As a means of getting the feel of the difficulties 
you run into when coloring maps, this 2-handed 
game helps and may even amuse: Player A draws a 
region. Player B colors (labels) it, and draws a 
new one. Player A colors it and adds a third. This 
goes on until somebody gets stuck and has to use 
a fifth color. Traps can be set for the unwary— 
and sometimes foreseen and avoided. 

PuzzLEe: You are required to color the map 
(Fig. 17). Each region has an area of 8 square 
feet except the top one, which has 16. You have 
the following colors: exactly enough RED for 
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24 square feet, enough YELLOW for 24 square 
feet, enough GREEN for 16 square feet, and 
enough BLUE for 8 square feet. The rules are as 
usual: no touching areas may be colored the same. 
Watch out for unicorns. (Answer in Appendix. ) 
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The Koenigsberg Bridges 


In the last chapter we changed a map into 
a network to be able to see what was what. As it 
happens, this was one of the beginnings of topol- 
ogy. At Koenigsberg on the river Pregel—then in 
East Prussia, now in the U.S.S.R.—there used to 
be seven bridges connecting two islands with one 
another and the banks, as in Fig. 1. In the early 
eighteenth-century they had a puzzle which was 
to see if one could walk a complete circuit of all 
the bridges—once and only once each. 


r= 
si = Ma 
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It turned out to be like the 4-color problem, be- 
cause no one could do it, though no one could prove 
that it was impossible. The reader can try on the 
diagram, and see. In 1736 Euler (page 10) proved 
that it was impossible—by reducing the map to a 
network (Fig. 2) in which the land areas are rep- 


CN 


Fig. 2 


resented by points and the bridges by lines. He 
worked out the general law for all such networks, 
as part of his investigation of polyhedra. It can be 
seen that unlike our networks for maps it has 
redundant connections at 4—B and B—D, but that 
is where the bridges happened to be. 

The law is as follows: at each vertex a certain 
number of lines (bridges in this case) meet. If an 
odd number, it is called an odd vertex; if an even 
number, an even vertex. Now, it can be proved 
that there can only be an even number of odd ver- 
tices, or none. (We suggest that the reader try 
proving this, using the proof of the other Euler 
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law on pages 15-17 as a guide.) A circuit where 
each line is traversed only once can only be made 
when there are either no odd vertices, or 2. Koenigs- 
berg consisted of 4 odd vertices, and the circuit is 
impossible. Do not go there to try this—they’ve 
built a new bridge at X, Fig. 1, which changes the 
north and south banks into even vertices. It will be 
found that to make the circuit we have to start at an 
odd vertex. 

A completely unfair bet can be made on the 
basis of this law: ask someone to draw any net- 
work and then bet him whether it can be traversed 
or not. First, of course, you underhandedly count 
the number of odd vertices, and bet accordingly. 
Most of us knew a simple version of this when we 
were kids: Fig. 3 cannot be traced in one line, but 
Fig. 4 can, provided you start at A or B. 


ae oo 
B 
Fig. 3 Fig. 4 


The general law says that the number of discon- 
nected trips needed to make a complete traverse 
is half the number of odd vertices (always an even 
number ). 
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We can construct a network that has no enclo- 
sures or loops: a network that is all in one piece, 
in which every line terminates in an otherwise 
free vertex. This is called a tree, and it is fairly 
easy to see that there will always be one more ver- 
tex than there are lines, or edges, as we called them 
in Chapter 1. For one thing, if we apply the Euler 
formula for any figure, since a tree has only one 
face—the background—and the formula is F— 
E+V=2, we get I—E+V=2, or V=E-+1. 

We can make any network into a tree—i.e., leav- 
ing one connected figure—by removing some of 
the lines, or edges (Fig. 5). Say we have to re- 
move B edges (in this case B=2), to get rid of 
all enclosures: we had E edges and lV vertices to 
start with, and we have just seen that in a tree 
V—=E-+1, so we now have V==1+EF-—B, or 
B=1+ E—l—in this case 1+8—7, or 2. B 


Fig. 5 
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is called the Betti number of a network, and it is 
always equal to the number of faces minus I. (It 
is named for Enrico Betti, nineteenth-century Ital- 
ian mathematical physicist. ) 

The same will obviously be true for polyhedra, 
as in the tetrahedron of Fig. 6: 6 edges, 4 vertices, 
and 4 faces. We can remove 3 edges without cast- 


Fig. 6 


ing any vertex adrift: so B—3, or one less than 
4F. A number that is merely F—1 may seem a bit 
trivial, but it is basic to the idea of connectivity, 
and it applies also to surfaces, though in a dif- 
ferent form. A disk—or anything topologically a 
rectangle without a hole—cannot be given any 
cross-cut without dividing it into two pieces. (A 
cross-cut means a cut that starts at an edge and 
ends at an edge.) This means that a (topological) 
disk has a Betti number of zero. On the other hand 
an annulus, or a Moebius strip, has a Betti num- 
ber of 1: we can make the dotted-line cuts in each 
of these (Figs. 7-8) without dismembering them. 
A disk with 2 holes would have a Betti number of 2. 
How about a sphere? Since it has no edge we can- 
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not make a cross-cut, and if we make a hole to get 
an edge, we have a topological disk—stretch the 
hole and flatten it all out. 

But a torus, or a Klein bottle, is something else 
again: a hole does not make a torus into a surface 
we can deform into a disk or even a cylinder, and 
the same is true of a Klein bottle. Of course by a 
hole we mean a mere puncture—not punching a 
small disk out like a train ticket. (The deforma- 
tions of a punctured torus will be examined in the 


next chapter. ) 

It is fairly obvious that there are two kinds of 
cross-cut we can make in a punctured torus that 
will not divide it: one going around the tube part 
—cylindrical—+, and the other around the center 
—annular—y (Fig. 9). When # and y are cut, the 
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torus remains in one piece, and it can be seen on 
pages 71 ff. that the same holds true for a Klein 
bottle. Both these surfaces have a Betti number of 
2 

To find the Betti number without making a hole, 
we make a loop-cut, which is just what it sounds 
like: it starts at any point on the surface, and re- 
turns to it without crossing itself—a Jordan 
curve. Here the formula changes slightly: a loop- 
cut in a disk divides it in two, but so it does with 
an annulus or cylinder. So we count the number of 
edges and say that B equals the number of loop- 
cuts we can make in a surface without dividing it 
into more pieces than there were edges. Thus a 
disk has 1 edge, and no cuts can be made without 
getting more than one piece, so Bo, An annulus 
has 2 edges, and one loop-cut can be made without 
getting more than two pieces: B—1. 

But a Moebius strip has only one edge, and one 
cut can be made—along its length—without divid- 
ing it, so it has B==1 also. With a nonpunctured 
torus we can make two cuts—parallel to the ones 
we made before—so B==2. Same for the Klein 
bottle but not, as it happens, for the projective 
plane. The latter is very hard to visualize, but it 
can be shown if a version of Gardner’s model, 
Fig. 1 (page 79), is cut along both axes: it is 
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divided in two—a cone and a cross-cap. It is much 
easier to use the admittedly incomplete model of 
Fig. 3 (page 51), but start with the one of the 
Klein bottle (Fig. 2) first—it is most astonishing 
when cut along the dotted lines (both shown in 
Fig. 10): it becomes a flat hollow square. The 
projective plane, on the other hand, comes apart. 
It is not the resultant shapes that matter, but their 
number: 1 for the Klein bottle, and 2 for the pro- 
jective plane, so for the latter the Betti number is 
1, like the Moebius strip. It seems rather unfair. 

All this does not mean that any loop-cut can be 


Klein Bottle 


Both made from 
big paper crosses 
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Fig. 10 Projective Plane 
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made in a B2 surface with impunity: it could be 
a small one in the side that removed a round piece. 
Also some cross-cuts will divide a Moebius strip: 
C-shaped, cutting the outer edge twice; but the 
point is that there are cuts that will not divide it. 
Another fact is that if we mark the permissible— 
nondividing—loop-cuts and cross-cuts, puncturing 
the surface for the latter, we find that each loop 
intersects one cross-cut mark. This “duality,” as 
it is called, has been proven to persist in any num- 
ber of dimensions, by S. Lefschetz of Princeton 
University (1927), and is a strong kind of invari- 
ence. For now we can say that (1) the number of 
edges, (2) the number of sides, and (3) the Betti 
number are invariants for 2-dimensional surfaces. 
The Betti number for a cat is 9. 

Later on we shall be discussing series, and while 
we are on the subject of cuts, this seems a good 
moment to pose the following problem. If we cut 
a piece of paper in two, put the pieces together, 
cut again, and so on, it is obvious we first get 2, 
then 4, then 8 . . . doubling every time. Paren- 
thetically, and not topologically, if this were done 
with a playing card a mere 52 times the resultant 
pile would reach far beyond the sun. The numbers 
2,4,8,16.. . etc., in this case form a geometri- 
cal series. 
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So far so good, but what would happen if we 
folded, and then after, say, 6 folds we cut? The 
folding can be done two ways: each time at right 
angles to the previous fold, or all parallel. Also the 
cut can be at right angles to the last fold, or par- 
allel. With parallel folds and right-angle cut the 
answer is jejune: always 2 pieces; but with a par- 
allel cut things get complicated. At the first fold 
we get Fig. 11, shown in diagrammatic cross sec- 


1 
2 
‘ pOe)'7 9 
5 
: Fig. 13 


tion. Then Fig. 12, the second fold, and Fig. 13, 
the third, and so on. If we count the pieces each 
time we see the beginning of a series: I—with no 
cuts (not shown), 3, 5, 9... . The suspicious 
minded may notice an odd similarity to the series 
got by cuts alone, except that here 1 has been added 
to each term:0+1,2+1,4+1,8+1.... 
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At this point paper and scissors seem simpler 
than diagrams. Sure enough, the next number is 
17. If Figs. 11-13 are examined we can see that 
what happens is the same as doubling each time, 
except for the 2 loose, or unattached, edges: if 
these were joined we would get at that place I in- 
stead of 2 pieces. This is what adds 1 to every 
term. With right-angle folds and either kind of 
final cut, the series progresses at half speed: 2, 3, 
3,5,5,9,9 .. . inthe case of the right-angle cut, 
and starting at once with 3, 3, with the parallel cut. 
Experiment with paper will show why, but not 
for long: it gets too thick to cut, rather quickly. 
Again parenthetically, it is a safe bet to challenge 
anyone just to fold a piece of paper—any piece 
—ten times: first in half, then crosswise and so on. 
It is totally impossible . . . they don’t sell paper 
big and/or thin enough. We now come to the crux 
of the matter : 

We fold and cut every time, but not all the way 
through until the final cut. How many pieces do 
we get for each number of partial cuts? What is 
the series? Because of increasing thickness we 
shan’t be able to carry out experiments with actual 
paper beyond a mere 6 or 7 folds, but attention to 
what is happening will suggest Fig. 14: 4 equals 
final cut, the others are numbered: all double alter- 
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nately. We shall confine the way of folding to right 
angles every time as otherwise things get ridicu- 
lous—it’s bad enough the right-angle way. There 
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are 4 directions to cut in: north, south, east, and 
west—east and west being the same thing really. 
It will be found that the direction makes little dif- 
ference. (When making a cut don’t go too near 
the edge. ) 

The folds, of course, involve only the small un- 
cut part. A hint without which the problem is un- 
fair: sometimes one finds there are two or more 
series superimposed, or alternating, where one ap- 
plies to the odd and the other to the even numbers 
of operations. Answer in the Appendix. 
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Knots 


The subject of knots has been taken up by topol- 
ogists, but not very much has been proved beyond 
saying that a knot cannot exist in more than 3 
dimensions. This is reminiscent of the fact that a 
Jordan curve only divides a surface—not 3-dimen- 
sional space. O divides this page into two parts: 1n- 
side and outside it; but a loop of string hanging in 
the middle of the room doesn’t divide anything. 
Perhaps it would be more apposite to say in dis- 
cussing knots that if two loops were linked in 3- 
dimensional space, they would be separable in 4- 
dimensional space. 

Nevertheless, a repetitive sound in mathematics 
is usually worthy of investigation: there are no 
coincidences in mathematics—only some unfor- 
tunate approximations, like 7 and 3. (This proxim- 
ity has misled many people: the Bible flatly says 
that 7 is 3, and there are still some cranks who 
believe it. A crank is an unsuccessful eccentric.) 
The difficulties in classifying knots have not been 
overcome. For one thing it is not enough to say 
that two loops are linked merely on the grounds 
that they cannot be separated. The two annuli of 
Fig. 15 are linked and cannot be separated, but 
how about the next three (Fig. 16) ? None of them 
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Fig. 15 Fig. 16 


is linked with another, and yet they are unsepar- 
able. 

Some topologists aver that all knots are intrin- 
sically the same—just loops or circles—but it 
would be hard to convince a sailor or a boy scout 
that the mere joining of the free ends of a knotted 
rope affected the knot, or that a granny was in- 
trinsically a bowline. The most effective thing 
about a knot is its holding: but that brings in fric- 
tion, which is outside our subject. Knots occur as 
a sort of by-product of surfaces: the edge of a 
Moebius strip is a twisted loop with regard to 3- 
dimensional space, and can be topologically de- 
formed into a circle, as on pages 80-81. But if the 
strip has been given not 1 but 3 half-twists before 
joining, it would be in the form of a trefoil knot 
(Fig. 17). When cut, and the ends separated, it 
turns out to be the simplest of all knots. An old 
conjuring trick was based on this: the performer 
prepares 4 large paper bands: one untwisted, one 
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handed 


Figg Av, 


with 1 half-twist, one with 2, and one with 3. When 
these are cut down the center, the first gives 2 un- 
linked bands; the second, 1 long band; the third, 2 
linked bands; and the last, 1 band with a knot in it, 
the latter being the.trefoil. Trefoils can be right- 
handed or left-handed, but, though the difference 
is obvious, it is impossible to define which is which 
without reference to some existing standard.* 

It is instructive to see how dictionaries define 
“left” and “right.” The American College Dic- 
tionary says that left is toward the west when fac- 
ing north, and right is toward the east, etc. Funk 
« Wagnall’s is more poetic: for left, “toward the 
north when facing the sunrise.’’ One might hope 
that for right they would change it to sunset, but 
alas, no: south for north. Webster’s New Colle- 
giate is anthropocentric: the left side in man is 
muscularly the weaker, while the right is more 

* It is conceivable that such a standard may exist univer- 


sally—in the atom—but it would not be topologically de- 
finable. 
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skillful. The Encyclopaedia Britannica is cagey: 
they stick to political differences. It is like trying 
to decide which is width and which is thickness— 
it depends how you hold your head. It is a relative 
matter. A long, useless, and entertaining discus- 
sion can be promoted by asking someone—prefer- 
ably a dogmatic type—why it is that mirrors re- 
verse you left-to-right, but not top-to-bottom. If 
he is up on this one, he may say that it does neither 
—it reverses you back-to-front (true). Then ask 
him why this makes a man-holding-a-pen-in-his- 
right-hand into a ditto-left-hand, but still upright. 
He will probably get cross. 
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Torus 


REFEREE: This hearing will come to order. 
Please state your case, Mr. Jones. There is a black- 
board if you want to make any drawings. 

JONES: My worthy opponent, Dr. Situs, claims 
he has turned an inner tube inside-out— 

SITUS (interrupting ): After cutting a small hole 
in the side. 

JONES: Right. He has boasted of this as some- 
thing surprising, and I would be surprised, too, if 
the claim were true. My contention is that it is 
only half inside-out (Fig. 1); just look at it. 


Exhibit A 
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REFEREE: Dr. Situs, will you state your case? 

situs: My opponent is evidently misled by the 
irrelevant fact of its present outline, like that of a 
hollow handle removed from a teacup. He evi- 
dently does not recognize a torus when he sees one. 
This one is distorted and bent, but topologically it 
is a torus, though punctured, as it was before in- 
verting it. 

REFEREE: Inverting? 

situs: Turning it inside-out—but the other 
sounds more mathematical. My point is if the ex- 
hibit is examined we see that it is merely a torus 
with a long, narrow, and bent hole through the 
center: what would be called the hole in the dough- 
nut. It has a flattened and elongated inner space 
where the compressed air would normally be. I can 
show on the blackboard how its present shape is 
deformed into a more recognizable torus without 
tearing or joining. (Goes to the blackboard and 
draws Fig. 2.) As you see, all we have done is to 
shorten it a little. 


Fig. 2 
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JONES: And very conveniently reduce the inner, 
unturned part to a thin ring! 

situs (brushes this aside): I should also like 
to point out that the inner tube I started with was 
gray: it is now black! This is because what was 
the inner surface was black, and now all the ex- 
terior is black. 

REFEREE: May we have a demonstration of this? 

situs (unhappily): Oh . . . well, if you insist. 
(Shrugs: he struggles with Fig. 1 for a while; 
there is a resemblance to the Laoco6én statute and 
finally the tire 1s back in its original form | Fig. 3] 
—gray all over.) There! I shall now explain this 
by a series of diagrams. (Goes to the board.) In 
Figs. 4 and 5 we begin to stretch the hole until it 


ZEN XK 
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(Ignore the dotted 
lines — they will be 
referred to later) 
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leaves only a narrow connection, Fig. 6. Then, 
Fig. 7, we begin to roll part of the torus back on 
itself like the top of a stocking, labeling the newly 
appeared part of the inner surface P, and the outer 
surface Q. Then we continue as in Figs. 8-9 until 
P is back next to Q, reducing the hole to its orig- 
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inal width. Fig. 10 shows the end view, and we see 
that the hole is now in the form of a doubly bent 
Jordan curve, which we shrink again, Figs. 11-12. 


Fig. 11 Fig. 12 
In Fig. 13 we shorten the whole torus back to its 
doughnut shape. It will be noticed that P, orig- 
inally on the inner surface, is now on the outer, 
while the reverse has happened with Q. The torus 
is inside-out. 


(x inside) 


JONES: I admit the line of reasoning up to Fig. 
g, but you should have stopped there because that’s 
as far as you went with the real inner tube. Let 
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me redraw Fig. 9 to conform to reality—or your 
idea of it. It looks like this (Fig. 14), and the 


Fig. 14 


inner half is exactly as it was at the beginning: 
you merely call it inverted. All the points on it that 
were originally facing toward one another are still 
facing toward one another, while those that faced 
away— 

sITus (interrupting): Yes, but the first ones 
you mentioned faced toward the imner space: they 
now face the outer. 

JONES (goes to board): 1 think I can clear this 
up. Here is a glove (Fig. 15); let us say black in- 
side and gray on the outside. We now proceed to 
turn it inside-out—first by turning back the wrist 
as far as we can (Fig. 16). We notice that the 


Fig. 15 Fig. 16 
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thumb and fingers are still as they were (Fig. 17). 
Now we push them out, Fig. 18, all except the 
middle finger. Note, gentlemen, that if we seal off 


Fig. 18 


the wrist hole, all of what the learned doctor calls 
the new “exterior” is now black: but what about 
the middle finger ? Is it inside-out, or are we merely 
playing with words? 

situs: But that isn’t a torus! 

JONES (craftily): My worthy opponent is fond 
of showing topological equivalences: may I sug- 
gest that a glove—when we seal the wrist hole—is 
a topological sphere? Suppose we start with a one- 
fingered glove (Fig. 19), and we sew the tip to the 
opening: Now we begin to invert, as the Doctor 
would say. We continue, but lo and behold we can 
never turn more than half of it inside-out, even if 
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we move the tip back into the inside. Were there a 
small hole in the tip we would have an exact home- 
omorph of a punctured inner tube. 

situs: And it would be inverted! 

JONES: May I ask you to specify the difference 
between the condition of the middle finger, Fig. 
18, and that of the others? 

situs: It’s, er . . . This is absurd! Ah! I have 
it! (Goes to board.) Here (Fig. 20) is a hollow 
punctured sphere: we turn it inside-out through 
the hole—surely you will allow this possibility? I 


/ o* Hole 
O ' reduced 


Fig. 20 
now reseal the hole and push in the side (Fig. 21) 
—does this mysteriously, not to say semantically, 
cancel half of the inversion? 


Fig. 21 
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JONES: In this case, no. But we were discussing 
tori. 

situs: May I ask how a torus can be any more 
inside-out than mine? It has all of its once-inner 
surface facing the exterior. 

JonES: Allow me. (Takes inner tube, and pro- 
duces scissors and quick-drying cement.) I cut 
through, Fig. 22, I invert the resultant cylinder, 
Figs. 23-25, all of it, and rejoin the cut ends, Fig. 
26. I think we can all agree that this is what would 
properly be called an inverted torus. It looks like 
the original one; not like a hollow teacup handle. 


x~\ Fig. 26 


situs: You can’t go by looks in topology: by 
what standard is your torus more truly inverted 
than mine? 
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JONES: Let us return to your own diagrams. I 
should like to refer you to a topological invariant: 
linkedness— 

situs: Hey! That’s not— 

REFEREE: Later, Doctor, later. Proceed, Mr. 
Jones. 

JONES: Two closed curves that are linked can- 
not be unlinked by any topological deformation. I 
now add two such curves to your diagram (pages 
138-140) : one, x, running around the tubular part 
and one, y, running through it. Observe they are 
linked. I draw them in each successive stage of 
your so-called inversion, and at the end they are 
still linked! 

situs: What difference does that make? 

JONES: In my one they get unlinked. (Demon- 
strates, Figs. 22-26, the dotted lines. ) 

situs: That’s not fair! You cut one of the loops 
. . . (He abandons this tack as he realizes that 
even if the loops had been cut in his inversion, the 
linkedness would not be altered.) The point is 
trivial: linkedness is not an invariant through n 
dimensions. Everyone knows that a knot cannot 
exist in more than 3 dimensions for this very 
reason! 

JoNEs: May we return to my opponent’s main 
claim: that all the inner surface was made to face 
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the outer space? This is the same as saying that if 
we imagine a series of lines that project from the 
surface in question, as in this cross section of the 
inner tube (Fig. 27), according to the Doctor they 
reach into—have their neighborhood in—the inner 
space. He performs his deformation and they now 
reach into the outer space (Fig. 28). But I hope he 


Fig. 27 Fig. 28 


will recall that Fig. 29 is topologically identical 
with Fig. 30, and the addition of another dimen- 
sion permits this deformation. 


Fig. 29 Fig. 30 


sirus: But I did not make use of a fourth di- 
mension ! 

JONES: Neither did I, to unlink the loops. 

situs: Maybe not, but you implied the existence 
of those little lines drawn radially from the surface 
earlier in your own argument. When you spoke of 
half my torus being “exactly as it was in the be- 
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ginning,” you were really saying that the lines 
that pointed towards one another before inversion 
did so afterward. By your own admission, that is 
topologically trivial. Furthermore, if the torus has 
a grain running in the annular direction like this 
(Fig. 31), we find that after my inversion it runs 
the other way (Fig. 32), and it is of course on both 
surfaces. That is a real change! 


= 


JONEs: I fail to see what it has to do with the 
price of eggs. In what way is it a property of, or 
an indication of, inside-outness? I should say it 
shows that your distortion was of another kind 
altogether! (They stare at each other, breathing 
hard.) 

REFEREE: | shall now sum up. On Dr. Situs’s 
side: (1) He brought the inner surface to face the 
outer space, and I’m inclined to say that that is 
the usual meaning of “inside-out”; (2) he began 
and ended with a torus, topologically speaking ; and 
(3), for whatever it is worth, he changed the 
“grain” from cylindrical to annular. On the other 
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hand, Mr. Jones has (1) also brought the inner 
surface to the outside, and (2) he also began and 
ended with a torus, and (3) while he did not alter 
the grain, he unlinked the linked curves left unaf- 
fected by Dr. Situs. The jury will please consider 
their verdict. (They do so, and perhaps the reader 
will join them and help decide what the verdict 
should be. The writer has found that discussion of 
this question can fill an evening—uit 1s in one sense 
a matter of definition, but that does not make it 
trivial, as the good Doctor might say. ) 
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The ““Next Number’ 


Hairsplitting, Webster notwithstanding, 
is not the same as quibbling. Topology prefers to 
be noncommittal as to exact size and shape, but is 
most careful about exact meaning. We feel we 
know what we mean by a continuous line: that it 
has no gaps—but the definition needs improving. A 
string with a gap would be in two pieces, but how 
about a net? Then for example we might think of 
the list of whole numbers between I and 20, and in 
a sense if 13-were missing we might say there was 
a gap, but if not, not. But if the numbers corre- 
sponded to the marks on a ruler—admittedly in- 
complete as they rarely are finer than %2 inch— 
how do we make the series of numbers continuous ? 
What would it mean? Can we keep filling the 
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smaller fractions in between, and then between 
them, forever without end? If there were no end 
to this process—truly no point at which we could 
say the numbers were all there—we could never do 
it. Yet if we say that there is such an end, how can 
we say that we cannot put yet more, still smaller 
fractions between the last ones ? 

Perhaps instead we could start at one end with 
a point, and put one next to it, and so on forever. 
But if a point, as the geometry books used to say, 
has position but no magnitude—no size in any 
direction—to say that another point, also having 
no size, was next it would imply that there was 
no distance between them. This would mean that 
their positions were the same, and since the only 
thing that distinguishes one from the other is its 
position, it would mean that they were the same 
point: we have consequently failed to put down a 
next point. Fhis is hairsplitting with a vengeance, 
and important in topology. 

A similar state of affairs is found with maxima 
and minima. If we define a set of all the fractional 
numbers from 1 to 2 inclusive, then 1 is the mini- 
mum and 2 is the maximum. But if we had said 
“greater than 1 but less than 2,” things change. 
The minimum would be the next fraction above I, 
and the maximum would be the next fraction be- 


150 


Continuity and Discreteness 


low 2—and neither can be named. (The first ex- 
ample is what is called a closed set of numbers, and 
the second an open set. Unimportant as the distinc- 
tion may seem, it will be seen later that it is useful 
in reasoning about sets of things—especially 
points.) But what has a discussion about numbers 
to do with topology ? 

To explain this we shall have to examine what 
the idea of a set of anything can mean. We shall 
see that certain generalizations and definitions can 
be made about sets that cannot meaningfully be 
made about their members individually. This is 
reminiscent of the way topology ignores individual 
differences among, say, figures bounded by closed 
curves, and treats them as a group that have certain 
invariants in common. It is no coincidence. 


Continuity 


When something is not continuous we call it dis- 
crete. The list of all the integers is discrete— 
though infinite ; the sands of the beach are discrete, 
and so is water if we consider the molecules. It is 
not enough to say a line is continuous because it 
has an infinite number of points: there are an in- 
finite number of rational fractions in it, but what 
about the infinite number of gaps always left to 
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put more in? “Rational,” of course, means any 
fractional number made by dividing one whole 
number by another : 2/m. Any conceivable rational 
number (8 is 4) can be so written, but the irra- 
tionals, like 7 or \/2, cannot—they can only be 
approximated. 

As a rule topologists confine the use of the word 
“continuous” to processes, rather than spaces—a 
line is a 1-dimensional space—but if we must use 
it for a line, then continuity relates the set of all 
the points on the line to the set of all the real num- 
bers. Real numbers means the rational and irra- 
tional ones. It has been proved that there are at 
least as many (infinite) of these irrational as ra- 
tional numbers. The main difference here is that 
the rational numbers are denumerable, while the 
irrational are not. It means that they can be counted 
off: 1, 2, 3, etc. to 00; can be, in the sense that we 
know how to do it without missing any. In the case 
of all the rational fractions—n/m—though we can- 
not count them in their natural sequence (since we 
can never say what the next one is), there is an 
ingenious dodge to get around this. 

All whole numbers are written as fractions: 
I=", 2—=%, etc., and the rest are reduced to 
their lowest terms, as otherwise we would keep 
redundantly listing the same one: 1%o for %, ete. 
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We now start at 4, then %, then 4, %, %, %, %, 
%, 4, % ... , this method being to increase not 
the value of the fraction as we go along, but the 
sum of the integers used in the fraction. Thus % 
obviously has the smallest sum; % and % have the 
next 


we put them down as we come to them in 
their actual order of value—then % and *% (adding 
up to 4 each) ; then 4, 7%, and % (adding up to 5), 
and so on. As we go on, the missing ones, like the 
fractions between % and %, get more and more 
filled in. We never get to the end any more than 
we would counting off I, 2, 3... etc, but we 
know that we have the fractions arranged in a new 
but logical way in which all the rational numbers 
will be turning up only once each. This means that 
we can label each uniquely as the Ist, 2nd, 3rd, and 
so forth. 

This list shows the rational numbers and under 
them the sums of their numerators and denomi- 
nators, and under these their rank: 
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Any set of numbers—or points, or in fact any- 
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thing at all—which can be counted off (denumer- 
able) is discrete. The favored word to describe 
a nondenumerable set—like all the real numbers, 
or all the points in a line—is a continuum—rather 
than continuous, as that usually refers to a process. 
A variable number passes through all the points 
in a line: the passage is continuous. 

So we see that there are two ways of pointing to 
infinity: I, 2,3... . to infinity; or, all the points 
in a segment of line. More important is that in 
each of these there are two kinds of infinity: de- 
numerable, e.g., rational numbers, and nondenum- 
erable, e.g., all the points on a line. 


Neighborhoods 


The reader may remember that on page 146, Mr. 
Jones spoke of some lines having their “neighbor- 
hood in the inner space.”” We saw what he meant 
—yjust that that’s where they were—in a sense 
rather vague. Yet with all this hairsplitting pre- 
cision about points and infinity and so on, it is also 
useful to have a sort of controlled imprecision 
about certain things. For example, on page 108 we 
mentioned the tiling theorem, and referred to re- 
gions being no larger “than a chosen size.” This 
was pretty vague, but its implication was that the 
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tiling theorem applied, no matter how small the 
chosen size was. This is a way of getting around 
saying that “it has some size” and at the same time 
“it is infinitesimal—or of no size’—a falsehood, 
and imprecise as the dickens. The other is at least 
not a contradiction. 

Similarly it is useful to have a way of talking 
about one point, in a given space, being “‘sufficiently 
near” another point. This is meant in the same 
spirit as “chosen” in the tiling theorem: it means 
“as close as you please.” To refer to the neighbor- 
hood of a point does not say how big the neighbor- 
hood is, but only that it contains the point, and 
contains it in such a way that within the neighbor- 
hood we may put another point as close to it as we 
please. This is quite imprecise as to how far away 
another point can be: though in a measurable— 
metric—space we may use the symbol e (epsilon) 
to label the diameter of the neighborhood, and yet 
not commit ourselves as to the size of e. This e- 
neighborhood of point P means that everything in 
it is less than e away from P. Note that we do not 
say “e or less’ but only “less,’’ which means that 
there is no maximum (see the discussion of max- 
ima and minima on page 150). 

Imprecise as all this is, it allows some fine hair- 
splitting. Suppose in a line we choose a segment S 
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(Fig. 1). There is a point P in S, and it has a 
neighborhood NV. One thing is clear: N will include 


at least some other point in S. Also we can say that 
if we define the segment S as “all the points cor- 
responding to all the real numbers greater than I 
and less than 2,” we have, as it were, a space—I- 
dimensional—without its ends. This is in the sense 
that there is no maximum or minimum (see page 
150). This being the case, since we agree that a 
neighborhood of any point can be as small as we 
choose, we can now say, Every point in S has a 
neighborhood which 1s wholly in S, i.e., that con- 
tains no points outside of S. Not that the points in 
S cannot have neighborhoods large enough to con- 
tain points outside S, but that if small enough they 
won't. 

Of course we could not apply this reasoning to 
the end points, but as we know, there aren’t any 
end points in S$. It is all a matter of definition; and 
precise definition keeps cropping up in mathe- 
matics. Sometimes lack of definition is basic: the 
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thing is to be precise about whether one is being 
precise or not. 

To recapitulate: as we said on page 150, ina line 
of points corresponding to the numbers greater 
than 1 and less than 2, if we choose a point near 
to I, we can always choose another between it and 
1 (Fig. 2). If someone then puts down another 


Fig. 2 


point still nearer to I, and claims that it is so near 
to 1 that there is no more room, we reply that he 
has attempted the impossible: to put down the 
next point to I, which cannot be done. Therefore 
if the point he put down is not next to 1, there is 
still room for another point, and that will be in the 
neighborhood—which contains, on both sides of 
his point, only points in the segment 1-2. 

As the reader has probably noticed, this segment 
is what we referred to as an open set of points. In 
a closed set: say I to 2 inclusive, the above state- 
ment about neighborhoods would not apply, because 
the end points, 1 and 2, would have no neighbor- 
hoods that did not include at least some point be- 
low 1 and above 2, because I and 2 would be in- 
cluded in the set. 
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Limit Points 


A limit point—in topology—is not what it 
sounds like. It does not mean boundary point, al- 
though the one can be the other. For example, all 
the points in a line corresponding to all the real 
numbers are limit points. A usual (but not the 
only ) definition of a limit point is that every neigh- 
borhood of it contains another point in the same 
set of points—in this case the line in question. This 
sounds strange until we realize that “limit” has 
a quite special meaning here. 

To-give a homely, though perhaps uncommon, 
example: You are standing facing a wall; you step 
halfway to it, then half the remaining distance, 
then half that, and so on. If you take I second per 
step you never reach the wall, as there are infinite 
steps, but nonetheless, the wall is the limit point 
of your progress. What you are doing, if the total 
distance is 2 feet, is to step 1 foot, then %, %4, %, 
“6... etc., feet; 2 is the total in spite of being 
the sum of an infinite series of fractions. By defi- 
nition, each time you go only halfway to the wall, 
never the whole remaining distance, so from this 
point of view you never reach it. This is the old 
Achilles-and-the-tortoise wrangle: does he catch 
the tortoise? 
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We all know that he does—mauger the defini- 
tions—because he does not take those time-con- 
suming steps. He proceeds at a constant velocity 
and the graph of his motion is as in Fig. 3. The 


Tortoise 


Distance 


Start 1 second 2 seconds 


ia: 3 


line of his motion is straight in the graph because 
his speed is constant, although he passes through 
the infinite series of fractional positions. If he 
took 1 second for the first % foot, and for each 
fraction thereafter, the graph would be the curved 
dotted line, and as far as time is concerned, he 
would never reach the tortoise—the slanted line 
at the top. If, however, we add the times actually 
taken by Achilles for the sueceeding fractional dis- 
tances, they come to a finite total: 2 times the time 
taken for the first half. 

The thing that makes the tortoise and the wall 
limit points is that they can be reached—or ap- 
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proached—in this closer-and-ever-closer way, this 
continuous process: not that we can jump itt. We 
can, in other words, get as close as we choose— 
which is very arbitrary, but very important in 
topology. An example of a limit point in 2 dimen- 
sions is here given as a problem. No higher mathe- 
matics is needed for the proof: only elementary 
geometry and ordinary logic. 

A man is on a flat plain: he walks due west 1 
mile, then due north % mile, then east %4 mile, 
then south % mile, then west half that, and so on. 
He keeps making a sharp right turn every time, 
and every time goes half the previous distance, 
so that he-proceeds in a kind of square spiral, as 
shown in Fig. 4. 


Fig. 4 


Where does he end up? It is easy to see he walks 
altogether 2 miles, so if he keeps a constant speed 
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he gets there: can the exact spot be found—desig- 
nated—by using ruler and compass? Answer in 
the Appendix. 

Still another sort of limit point—involving time 
but not space, since position plays no part—would 
be the moment of being saved just in time if you 
were on a raft in the sea. You had taken a- ship 
that went down: will the rescuers get to you “in 
time’? That “time” would be a limit point; but 
if it had been a question of taking that ship or an- 
other, it would not be. It is context that counts: 2 
is not a limit point as one of the integers, but it is 
as the sum of 1, %, %, etc., or a member of all the 
real numbers between say, —I and +3. 
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Valid or Merely True? 


Bertrand Russell has said that in mathe- 
matics we never know what we are talking about. 
This means that nowadays mathematics is not con- 
cerned with truth, but with validity. Not with 
whether it necessarily applies to the world as it is, 
but whether it makes logical sense within its own 
boundaries and according to its own rules. 

In the old days it was thought that Euclid’s ge- 
ometry applied to the space around us, but since 
Einstein the telescopes have shown that space is 
not Euclidean when we take a big enough sample. 
Had it turned out otherwise it would not have made 
Euclid’s geometry either less or more valid: merely 
accidentally more applicable, and mathematics is 
not concerned with applicability. It is, of course, 
pleasant when mathematics can be applied. 

For this reason one must not misunderstand a 
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mathematician who seems to talk wildly about in- 
finity: he does not intend to know what he is talk- 
ing about—at least not in terms of any actual in- 
finity, if such there be. Just as when a geometer 
talks of a right angle he is not suggesting that 
there is a truly exact one anywhere: he is referring 
to The Right Angle—an idea, or an ideal, about 
which certain reasoning can logically be made. In 
mathematics there are different infinities, and dif- 
ferent contexts in which we reason about them. It 
is the relations that count—not so much the things 
among which the relationships exist. Topologists 
finally take leave of their senses, as do most mathe- 
maticians: at first topology deals with things per- 
ceived by our senses, then more and more with the 
subject of how they deal with them. Finally the 
sensible objects—the things originally under dis- 
cussion—are left out entirely. Mathematicians 
often do their best work this way. 

As we saw before, topology aims at the invariant 
in things; but the things have to be referred to 
somehow, if very generally, and the best way to 
refer to things in this way, and yet retain the kind 
of relationships that exist with topological invari- 
ants, is by treating them in groups, or sets. We 
shall now show how we can manipulate sets with- 
out having the slightest idea what they are sets of. 
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Venn Diagrams 


Let us start with a set of books, some hard-cover 
and some paperback, in a shelf. We shall ignore 
their order and also how many there are, but in 
this case we do know what we are talking about: 
books—not all the books in the world, but our set, 
S. Some are paperbacks, and these form a subset 
of S, and we shall call this subset P. The way this 
is usually defined is that if P is a subset of S, then 
every element of P is an element of S—here ele- 
ment means example: in this case, book. To save 
space it is written PCS. The hard-covers also 
form a subset: H CS. Some of the books are for- 
eign, and they are included in both the subsets P 
and H. We show a diagrammatic representation of 
this (Fig. 1), in which the sets and subsets are 
shown as areas, but the positions and relative 
amounts of the elements are not indicated. Obvi- 


(Foreign) 


S 


| 


Fig. 1 
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ously a book cannot be both paperback and hard- 
cover, so these two sets—a subset can be con- 
sidered as a set in its own right—do not overlap. 
They are mutually exclusive: disjoint. Here we see 
the large area S is divided into H and P, both of 
these subsets being overlapped by the smaller oval 
of the foreign books, forming two subsets of H 
and P: FA and FP in Fig. 1. 

We can make another diagram to express who 
has read what. To do this we shall use the more 
orthodox Venn diagram (Fig. 2): M==read by 
man, and ’=read by wife. The overlap shows 
the books both have read, and this area is the in- 
tersection of M and W: written MN W. The un- 
read books are the area of S outside M and W. To 
describe the set of all the books that have been 
read we speak of the sum (or union) of M and 
W. This we write, M UW, and it includes the 
intersection MMW. It means “either-or-both.”’ 
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Thus the set of the unread books can be written 
S—(MUW ). We express the fact that two sets 
—or subsets—are disjoint by writing, of Fig. 1: 
H | Po, meaning that H and P do not intersect. 

Venn diagrams can be used for demonstrating 
certain logical relationships: (1) If all books are 
printed, and (2) All printing is in ink, then (3) 
All books are in ink. In Fig. 3 the only books to be 


Figs 


considered are in the intersection BN P, as there 
are no unprinted books (1), so we block out the 
part of B not in BM P. Then we block out the part 
of P not in PM J, as there is no printing except in 
ink (2). From what is left we see that all the 
remaining B is in BMT; or all books are in ink. 
This is so simple as to be trite—but when we try 
it with four subsets, none of which are mutually 
exclusive (like read and unread), it gets compli- 
cated. It is in fact a minor puzzle merely to draw 
the Venn diagram for four sets, remembering that 
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every possible combination—one, two, three, or all 
four at a time—must appear. In doing this it is 
best to work out first a list of all the combinations: 
there are 15—always one less than 2 raised to the 
power of n, where n is the number of sets: 2"—1, 
unless we include the combination of none of them: 
then it is 2”. (It is only fair to mention that the 
sets need not be shown as even approximate cir- 
cles: they may have to be long ovals. Answer on 
page 173.) 

A subset of this empty kind above, that has no 
elements, like a set of unprinted books on imaginary 
paper, is called a null set. This is regarded as an 
artificial convention by some topologists, and can 
lead to complications if always insisted on, but 
it is useful in algebraic sets. An example of how it 
has a certain validity that doesn’t seem entirely 
algebraic would be this: in the game of Twenty 
Questions if someone chooses “the hole in a dough- 
nut,” and the question is asked, “Is it vegetable?” 
(as opposed to mineral), it is hard to answer Yes 
or No, as it might well be thought to depend on 
what surrounds the doughnut—air or milk. After 
all, its very shape is made up by, if not of, dough- 
nut material, so perhaps the best answer is that it 
is a null set of doughnut particles. The game won't 
allow such an answer—possibly just as well. 
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Apart from the complexity caused by many in- 
tersecting sets, some of the theorems involving only 
three sets are oddly subtle, and do not spring to 
mind. Take for example this one: 


AUPNO=AUB IN 4uG 


This means: “The sum of A and the intersection 
of B with C equals the intersection of the sum of 
A and B with the sum of A and C.” Put like that 
it is a little hard to imagine. In everyday terms it 
could mean: ‘“The group of all people who are Ad- 
dlepated, or Blond—Curlyhaired—or both—com- 
prises all who are simultaneously in the group of 
Addlepated or Blond or both, and the group of 
Addlepated or Curlyhaired or both.” This has a 
dubious sound: the first part emphasizes either-or, 
and the second emphasizes and. Is English gram- 
mar letting us down? Rigorous concentration on 
the precise meaning of the sentence can induce 
partial hypnosis, but with a Venn diagram all be- 
comes clear, Fig. 4. In Fig. 5 we have all the circle 
A (all the Addlepated). In Fig. 6 we have the 
intersection B M C ( Blond—Curlyhaired, not B or 
C). In Fig. 7 we add them: 4 U (BNC). Then we 
follow a like process for the second term of the 
equation: in Fig. 8 we have all of 4 and B (includ- 
ing their intersection—the group comprising the 
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Addlepated or Blond or both), and in Fig. 9 all of 
A and C (the group Addlepated or Curlyhaired or 
both). In Fig. 10 we superimpose Figs. 8 and 9 to 


see what overlaps, and the result is identical with 
Fig. 7. O.E.D. 


7 
AU (BNC) 


'—-— 
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With Venn diagrams it is sometimes better to 
use the blocking-out method, as on page 166. From 
Fig. 1, page 164, we would get Fig. 11, in which 


Fig. 11 


we block out the intersection of hard-cover and 
paperback, as no book is both: HM P=o. Then 
we block out all foreign books outside H and P, 
as we have no unbound books: F—(H U P) =o. 
This does not tell us anything we did not already 
know, so Fig. 11 is clear enough. Then again, Figs. 
4-10 could lead to trouble if the equation had the 
first term reversed in order; (BN C)UA. We 
might unfortunately start by blocking out all of 
the parts of B and C that did not intersect (Fig. 
12), and when we add the result to 4 (all of A), 


Fig. 12 
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we have to erase the parts of A just blocked out. 
Thus using heavy outlines, or at least a progres- 
sive series of figures, is sometimes clearer. To 
recapitulate: 


I. A subset of a set S is the set all of whose ele- 
ments are also elements of the set S: ACS. 
(When we say that an element / is in, or be- 
longs to, S, we write pES.) 

. The sum of two sets A and B is a set all of 
whose elements are in A or B or both: A UB. 

3. The intersection of sets A and B is a set all of 

whose elements are in both A and B: ANB. 

4. The complement of a set A, when A is a subset 

of S, is that part—or all those elements—of S 
that are not in A: S—A. 


to 


The idea of a complement in topology is impor- 
tant: we can at once apply it to a disk: if the 
disk is a blackened area of a surface, its comple- 
ment is the unblackened part. The complement of 
a set S in the universe can be written U —S. It be- 
comes still more important when we apply sets to 
topology. In sets, as in*geometry, we find a num- 
ber of theorems—not necessarily obvious, yet 
rather unimportant-seeming—which nevertheless 
help to build a coherent and viable whole. We list 
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a few that the reader can prove with Venn dia- 
grams. (Note: It might be a good idea to copy 
this list and display it prominently until the symbols 
are familiar: C is the subset of; € is an element 
of; U is the sum; M is the intersection; A—B is 
the complement of B in A.) 


tA 6 B then 

. If ACB, then AN B=A. 

lft A‘CB ant he C thenas Ca 
CAINE ) trea ff CB OO 

AA (BUG) SCA AB) ee 


ww Dd H 


Before going on, we must give warning that the 
symbols used here are not universal. If the reader 
pursues the subject in other books he will find dif- 
ferent symbols used for the same things. We list 
some of them here: 


Either or both: 
(the shaded parts) 


- gp: 2%, 
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Both: 


intersection 
product 


common part 


(i © A AB (merely placed together) 


Is an element of: 


€ , sometimes € , which is so small 


it can be mistaken for €, or epsilon 


Answer to puzzle on pages 166-167 is in Fig. 
15. Now try it with five sets. Answer is in the Ap- 
pendix. 


Fig. 15 
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Open and Closed Sets 


So far we have referred to sets of people, or 
books: in topology sets usually consist of points. 
When these points mean what they do in geom- 
etry, topolgists call the space in which they lie, 
Euclidean. In this case a plane is in itself a 2-di- 
mensional space—frequently written E*. A line 
would be E', and the others would be E*, and so 
on to &". The spaces we are now going to discuss 
are Euclidean, and they will be metric spaces. Be- 
fore explaining this term, we must keep in mind 
that.our goal is always toward the general, and 
thus we hope to find relationships and theorems 
that apply to any space, without reference to meas- 
urement, and the points will no longer be Euclidean 
points but any unspecified things to which we can 
apply these-relationships meaningfully. This kind 
of generalization is natural to mathematics: six 
pairs are a dozen, whether loaves or days. 

When topology deals with metric spaces it means 
that the points have a certain order, in the sense 
that if the distance between point a and point b is 
zero, then ab. Also, that the sum of the distances 
between a and b, and a and c is either equal to 
b-to-c or greater (Fig. 16). (Equal only if a=b 
and/or b=c.) This is pretty simple, but note that 
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it does not specifically say how much bigger : only 
bigger; or the same; or smaller. Nevertheless it 
does bring in distance, and topology strives as a 
rule not to. Here it is not breaking its own rules— 
merely using its own methods with regard to a 
special kind of case. When these methods are ap- 
plied to spaces without any distance reference, the 
question of open and closed becomes paramount. 
Paramount because the distinction survives all dis- 
tortion—since distance is left out. 


q b ¢ Fig. Jb 


Let us consider a space consisting of a set of 
points in a line; then the simplest example of an 
open set is “all the points corresponding to num- 
bers greater than 0 and less than 1.” A closed set 
is “all the points corresponding to the numbers 
equal to or greater than o and equal to or less 
than 1. But we can get better definitions. 

For ‘open’ we repeat more or less what was 
said on pages 156-157: A point set (set of points ) 
is openif every point has a neighborhood entirely in 
the set. With the comments on page 157 in mind 
this is not hard to see. If the universe in which 
our set lies has a single dimension—is an infinite 
line—then the open set is a segment with its end 
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points missing. (End points are also called bound- 
ary points. ) 

For “closed,” the definition is not, however, the 
simple converse of this. It is: A set 1s closed if it 
contains all its limit points. It sounds reasonable, 
but why the sudden switch to limit points? The 
word to be emphasized in it is all. The previous, 
open set consisted of nothing but limit points, but 
the missing end points, although not im the set (by 
definition), were limit points of the set in that they 
are approachable within the set, in the way we 
defined limit points (pages 158-161). A point in 
the set can be as close as we please to either of the 
end points: therefore, they are limit points of the 
set. If they are now added to the set-—made mem- 
bers of it by definition—the set now contains all its 
limit points, and is closed. 

If we had defined this original lack merely in 
terms of end points (boundary points), it would 
not allow another fine-spun distinction. If our 
set-without-end-points were not in a single-dimen- 
sion universe, but in a plane, then clearly none of 
its points would have any neighborhoods that lay 
entirely within the set, because neighborhoods 
would no longer be parts of a line, but 2-dimen- 
sional areas (Fig. 17). This is because this space- 
in-general—this universe—has 2 dimensions, even 
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if our set has not, and these neighborhoods would 
necessarily contain points like p’ that are not in the 
line at all. Thus the set is not open. Is it, then, 
closed? The answer, rather surprisingly, is No. 
Closed and open are not paired, mutually exclusive 
but necessary attributes. Our set is neither, and 
that is another reason for bringing limit points 
into the definition of “closed.” 

The above set was not closed, because of failing 
to include all its limit points—the end points, here— 
so it is neither open nor closed. Can a set be both 
closed and open? The answer is Yes: the whole 
plane in the above example is both. Being infinite 
it has no end points, so it cannot be said to include 
them: therefore it 1s open. But by the same token 
it includes all the points that there are, and there- 
fore its limit points, so it is also closed. Most ex- 
traordinary. 

Thus we have in a plane: (1) open sets, e.g., 
the interior of a given area—say a triangle—be- 
cause since it does not include its boundary, all its 
points can have neighborhoods entirely within the 
eet, (2) closed sets, e.g., the triangle plus its 
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boundary ; (3) both open and closed, e.g., the whole 
infinite space—in any number of chosen dimen- 
sions; (4) neither open nor closed, e.g., the interior 
of a 2-dimensional area in a 3-dimensional space, 
for reasons the same as given for a segment of a 
line in a plane. (Add to the list of alternative sym- 
bols and names: an open set is also a domain. ) 

. Using the idea of Venn diagrams but without 
drawing anything, we can reason that the comple- 
ment of an open set is closed: U—S is closed with 
regard to S (nothing is said about its outer, non- 
existing boundaries). It means that since the 
boundary points are not in S, they must be included 
in U—S. The reverse of this is that the comple- 
ment of a closed set is open, for similar reasons. 
The reader can prove to his own satisfaction that 
the sum of two open sets is open, and that the inter- 
section of two closed sets is closed. 

With regard to an open set, we can infer the 
following: the sum of it and its limit points is 
called its closure (written S); so S is closed, be- 
cause it now contains all the limit points. 

Neighborhoods, being defined the way they are, 
can be considered as open—though some topolo- 
gists say they are closed, too, on grounds too ab- 
struse to go into here. The former sounds some- 
how more hospitable. 
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We have seen sets consisting entirely of limit 
points : how about sets without them, or at least not 
only of limit points? There is one that we men- 
tioned before, on page 158, although we did not 
speak of it as a set: namely the points correspond- 
ing to 1, %, 4, %.. . etc., on the Euclidean line. 
We could just as well take 1, 4%, %, 4%... and 
this, too, would be a set, none of whose points 
would be a limit point except the last one, 0. We 
can say this because with the exception of 0 every 
point can have a neighborhood small enough so as 
not to contain any other of these points. The end 
point, O, is a limit point because it is the point to 
which the series converges, and we can approach 
it in this way. 

We can go further and say that if the set con- 
sists of these fractional points that converge to 0, 
then none of the points corresponding to all the 
real numbers on the Fuclidean line are limit points 
of this set (except 0). This is so according to the 
reasoning we used about the “next” point, page 
150: if we cannot name or truly specify a point 
next to one of the member points of our set, we 
cannot name one which cannot have a neighbor- 
hood small enough so that it fails to contain a 
member of the set. Complicated, but inescapable. 

The set just mentioned had only one limit point: 
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can we find one without any? The answer is Yes: 
the set of points corresponding to, say, I, %, % 

.. to %o, in the Euclidean line, has no limit 
points, for fairly obvious reasons. The inevitable 
presence of a limit point—or at least one, and not 
necessarily in the set—when the set is infinite is 
proved by a neat theorem that can be intuitively 
grasped. The Bolzano-Weierstrass theorem says 
that we can represent an infinite set as an area in 
which we know there is an infinite number of 
points . . . somewhere in it. They may or may 
not be spread over it evenly (for example, in the 
last ‘case the infinite clumping was at the zero end 
only). We draw a line arbitrarily through the 
middle (Fig. 18), and there must be infinitely 
many on one side if not both. Let us say it is on the 
right. We then divide that side with another line 
(Fig. 19), and ask the same question: now it’s on 
top. We go on subdividing (Fig. 20): every time 
getting closer, and at last closing in on the point 


Fig. 18 Fig. 19 Fig. 20 
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where infinity is lurking. This is by definition a 
limit point. 

If the limit point had been (again by definition) 
outside the set, we would just as surely have found 
it. It would of course be in the boundary or closure 
of the set, as in our previous example had we de- 
cided to leave zero out of it. On the other hand, if 
we had an infinite set like the Euclidean line—say 
all the real numbers from 1 to 2—which has in- 
finite points in any neighborhood, then we would 
have infinite points on both sides of the lines as we 
put them down, and we could have chosen either 
side at every stage, and thus find a limit point any- 
where throughout the entire set—again finding 
- that it consists entirely of limit points. 

The fact that there is no one to tell us which 
side we must take at each stage is immaterial: 
there is such a series of correct placements, and 
this proves the presence of the limit point. 

Another noteworthy attribute of an infinite set 
is that it can have a subset which can be made to 
correspond one-for-one to all of the set. Contra- 
dictory as this may seem, we shall consider an in- 
finite set of books, numbered 1, 2, 3, etc., and we 
shall take the even-numbered books as our sub- 
set: E C B. We now enumerate LE: the first, second, 
third, and so on, even-numbered books. We now 
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pair these with the numbers of the whole set of 
books, B: first goes with 1, second with 2, third 
with 3, and so on ad infinitum. The fact that there 
would seem to be more books than there are even- 
numbered books is neither here nor there: we will 
never run out of the latter to pair off with the 
former. The set is endless, and so is the subset. 


Transformations 


A transformation is a relatedness between two 
things. It is also called a function. The way it is 
used in a sentence is confusing: sometimes as a 
noun (as above) and sometimes as an adjective. 
It may apply to the process of transforming, or 
the rule governing it, or the result, or the thing 
transformed and the result. The last would be 
called a function rather than a transformation. 
Earlier, in speaking of invariants, we said they 
survived distortion: in this context, distortion is 
a transformation. 

But the word has a more general sense: when 
we paired even-numbered books with all the books, 
that was a transformation, too. Here the word 
“function” would refer to what is called ordered 
pairs—in this case, books, but they might be 
points. Whenever one says that every element of a 
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set is going to be changed into, or made to cor- 
respond to, the elements of another set, that is a 
transformation. We can go back to the torus that 
was molded (transformed) into a teacup-with- 
handle and label every point on the torus and 
draw, as it were, an arrow from each to its cor- 
responding point on the teacup. In this case we 
might identify the points-in-general around the 
hole in the teacup handle as having originated 
somewhere around the hole in the torus, but be- 
yond that it would be hard to tell, particularly when 
it came to which part had become, say, the rim of 
the cup. 

This correspondence is at once too hard and fast, 
and too vague. That is to say we must know when, 
and when not, to be specific. For example, when 
we say Fig. 21 is equivalent to Fig. 22, there are 
only two identifiable points of one in terms of the 
other; p and p’. It will be noticed that the image— 
the corresponding point in the second set—is re- 
ferred to as f(p), or f(~’), meaning function p: 
here used as an adjective. We cannot say that any 
other point chosen in Fig. 21 corresponds to any 
particular one in Fig. 22, although we can say that 
no point on the closed curve of Fig. 21 corresponds 
to any point.on the semidetached line of Fig. 22. 
However, in this transformation certain things 
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Ye J Nees 
f (p) 


Fig. 21 Fig. 22 


do remain: the point where the line joins the 
closed curve, and the point where the line ends, or 
has a free vertex, and they can be so identified. 
Earlier, when Mr. Jones and Dr. Situs were re- 
minding one another that the figures of Fig. 23 


Fig. 23 


are identical, they had this rather generalized 
identification in mind. It harks back to our saying 
(page 5) that a permissible distortion allows cut- 
ting, if things are rejoined. 

For example we can see how Figs. 24-25 are 
topologically equivalent. They both consist of two 
closed curves, a and b, and a has a vertex c where 
it joins a line d, which has another vertex e where 
it joins b. From c runs another line f with a vertex 
g at its free end. What other identifications can 
be made? (Answer at end of chapter. ) 

These rather different-sounding kinds of trans- 
formation are alike by analogy, but there is more 
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in common. In either case we make a correspond- 
ence between points according to some agreed- 
upon rule or law, or function—f. If there is a 
function, or transformation of set 4 into set B 
(Fig. 26), we say that the point p in A has an 
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image, f(p), in B. This also applies to subsets: 
aCA has an image, f(a) CB. It is also used in 
reverse: f—' is the symbol, and f~*(#) means here 
the point in A of which x is the image, and is also 
called the inverse image of 7%. 

We said earlier that the word “‘continuous” was 
usually confined to processes (page 152), and that 
means functions. A continuous transformation 
means that points sufficiently close together in 4 
will have points close together in B: this is to be 
taken in the same spirit as our remarks about 
neighborhoods on pages 154-155. As before, we 
can improve on this definition. In a continuous 
transformation of set 4 into set B, any subset a of 
A that is open has an image, f(a), in B that is also 
open. Examination of the definition of “‘open’”’ 
(page 175) will show the implications of this: a set 
(or subset) is open if every point has a neighbor- 
hood entirely in the set. Without going into fear- 
some detail, we can see that this guarantees the 
possibility of an infinite degree of closeness (as in 
the case of a limit point) of a pair of points in 4 
and their images in B. The main thing is that con- 
tinuity leads to mapping (not to be confused with 
the maps of Chapter 6, though they are examples 
of mappings). 
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2 —————— a 
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SEE, the LADY has FAL-LEN in the WA- 
TER! 

Can she SWIM? 

No, but she can FLOAT—Here she comes NOW! 

What are those NUM-BERS? 

They are the var-ious POINTS on her HEAD— 

Why has she got POINTS on her HEAD? 

They are IM-AG-IN-ARY: They show which 
parts of her Head made the Pretty RIP-PLES. 
See, the RIP-PLES are NUM-BERED. 

Why do the Num-bers go BACK-WARD? 

Because that is the ORDER they were made in. 
FIRST the TOP of her HEAD made the OUT- 
SIDE Rip-ple—That’s NUM-BER ONE. 

How did it get to be on the OUT-SIDE? 

It Started FIRST. Then the circles on her 
HEAD made the SMAL-LER RIP-PLES, count- 
ing IN. 

I don’t see any CIR-CLES on her head. 

They are Imag-in-ary, too. As her HEAD comes 
UP it makes— 

What is the FISH doing? 

NOTH-ING. 


Experiments in Topology 


Mapping 


A map can be fantastically unlike its inverse 
image, even when quite Euclidean and geometrical 
in the everyday sense. As can be imagined from 
the sample page just given, if we map all the con- 
centric circles drawn on a hemisphere by project- 
ing them onto a flat surface, all sorts of different 
results can be got, depending on where we put the 
point of origin of the projection lines. 


Fig. 27 


If we drew the projection lines from S$ in Fig. 
27, and the hemisphere were sitting on the plane 
as shown, the circles would be projected onto the 
plane in the same ever-widening way they are on 
the hemisphere, except that as we got nearer to 
the diameter they would be extending out much 
further in proportion to their inverse images, and 
at d itself they would be at infinity. The ones at the 
bottom would be nearer to scale, and the bottom 
point, 0, would be touching its counterpart. Fig 28, 
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Fig. 28 

on the other hand, shows what happens when the 
hemisphere is inverted: the diameter coincides 
with its image, and when we go up, where the 
circles on the hemisphere get smaller, the images 
get larger, and the top point has an image that is 
an infinite circle at infinity. This projection gives 
results somewhat similar to the Lady in the Water, 
where the top point became a circle also, but the 
increasing radii were in closer proportion to the 
inverse images. 

All of the foregoing are mappings: any coherent 
rule that takes the elements of one set and puts 
them into another is a mapping, even when there 
is no question of geometrical projection, provided 
that the process is continuous, one-to-one and ditto 
in reverse. One-to-one means that every point of 
set A becomes one and only one point in set B. 
This can work in reverse, so that the transforma- 
tion backward, f~*, takes each point in set B to 
one and only one point in A. This symmetrical and 
continuous function is our old friend homeomor- 
phism, now properly defined. 
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A graph is a kind of transformation, too. It is 
not necessary to be familiar with analytic geom- 
etry to know what a graph is: a temperature chart, 
for example, is a graph that identifies moments in 
time with degrees Fahrenheit. It takes the ele- 
ments—or a chosen few—from set T (time), and 
relates them to the corresponding elements in set F 
(degrees Fahrenheit). In actuality the nurse 
doesn’t take one’s temperature continuously, but it 
could be done with a recording thermometer which 
made a line on paper that would be a continuous 
graph. Again we can define “graph’’ better. 

Here the idea of proximity, or neighborhood, is 
a little different from the more or less circular 
shapes we were using in E*, (2-dimensional space), 
although this involves 2 dimensions also: We think 
in terms of the single dimension of set 7, and then 
of the single dimension of set -—-separate criteria 
which are compared, for this kind of graph is a 
comparison of two sets, each of 1 dimension. Then 
we can say that a graph is continuous if it is con- 
tinuous at every point. It will be continuous at a 
given point p (Fig. 29) when any pair of hori- 
zontal lines is drawn, one above and one below pf, 
if we can draw a vertical pair, one to the right and 
one to the left of p, that does not contain any 
points not contained by the horizontals. This is 
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Fig. 29 


plainer if we show a counterexample (Fig. 30), 
which shows a discontinuous graph—it has a gap 
in it, but that gap has no meaning in terms of 
+... (there is no gap in the set «)—and if we 
drew the horizontals shown, no matter how close 
together we put the verticals on either side of Pp, 
p’ will be included because it is vertically above p, 
and p’ is not between the horizontals. It might be 
thought that a vertical graph line would contradict 
this, but such lines are not considered fair game in 
a topological function, as they cause confusion, 
and spoil the definition—a rather sneaky way to 
avoid trouble, but it leads to usefulness and clarity. 
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The above is like the definition of a continuous 
transformation on page 186: but here the neighbor- 
hood of p, when it is considered as an element of 
set y (Ny), is a space along the y-axis—an up- 
and-down qualification, while its neighborhood 
considered as an element of set x is Nx, a hori- 
zontal one. The latter can, if we want, be labeled 
f(+*), if this f is known to mean this kind of 
graphing. 

A graph, when it is continuous and one-to-one 
both ways, is not so much a map as a mapping: it 
shows not just set + and its map set y, but the rela- 
tionship of + and y, in—so to say—graphic form. 
This sort-of graph has 2 dimensions, because each 
of the sets it relates has 1 dimension. If we made 
a graph of the changes in a moving -picture, it 
would have 3 dimensions. One can see that some 
of the more complicated transformations would 
lead to completely undrawable graphs of 1 dimen- 
sions, such as graphing the points in—not on—a 
sphere into the points in a cube—6 dimensions. 


Homotopy 


‘“‘Homeomorphism,”’ now better defined, has a 
kind of functional attendant in the word “homot- 
opy.”’ This specifies not only the possibility of a 
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homeomorphic transformation, but the circum- 
stances in which it is possible. Any closed curve, 
we have kept saying, is deformable into any other, 
but even though we allow ourselves a certain lee- 
way in the transformation of the first of these into 
the second, i.e., cutting and rejoining (Fig. 31), 


DOO 


it must be understood that there may be contexts 
which preclude this. As soon as we specify the 
type of space in which the deformation is to hap- 
pen, we have imposed a new condition. If the closed 
curve is string, and we have open space to maneu- 
ver in, we can do things to it that would not be 
possible were the curve confined to a plane by law. 

It is true that by one set of rules we change A to 
B ina plane (Fig. 32), but only because the plane 
is not mentioned as the theater of operations—the 
plane was vaguely and erroneously assumed: the 
figures are planar; that’s all. In a different context 
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Fig. 33 


(Fig. 33), it is meaningful to say that the closed 
curve C on the torus cannot be transformed to C’ 
on the torus, although it can be to C”. Out in E* 
there would be no trouble whatsoever—if the curve 
were wire, Or imaginary. 

The Jordan curve theorem, mentioned before, 
would apply on the surface of the torus in the case 
of C’, but obviously not of C” or C, as they do not 
divide the surface. The criterion in this case is 
that on a torus C and C” cannot be continuously 
contracted to a point, whereas C” can be. This is a 
property more of the space in which these figures 
lie than of the figures. We can now say that on a 
torus any two curves like C and C” are homotopic, 
but neither would be to C’. 

The transformation itself, particularly if it is a 
mapping of C into C’—the shaded part in Fig. 34 


Fig. 34 
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—is the homotopy of C and C”. The idea is carried 
still further: all intermediate stages are mutually 
homotopic. In these two somewhat simpler cases of 
Fig. 35, we can see that a given homotopy is not 
unique: there are in fact infinitely many that 
achieve the same results—changing A to B. 


Figo 


The mere choice of a particular mapping is less 
fundamental than the general possibility of there 
being a mapping or not. None exists for C to C’: 
an infinity exist for C toc”. Allof this may seem to 
run counter to the anarchy we expected at first as 
to what is and what is not allowed in topology. 
But, as was said before, the main thing is to know 
when to be precise and when to be permissive. 
Though the confinement implied in homotopy is in 
a way arbitrary, it allows a further distinction 
among spaces—a new kind of invariant. 

Another criterion we can briefly mention is com- 
pactness. It refers to a sort of completed infinity: 
the Euclidean plane is not compact, but the surface 
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of a sphere is, though it has as many points. But 
if we want to define compactness in terms of the 
set of these points without reference to the sur- 
rounding space we use this definition: “A set is 
compact if everyone of its infinite subsets has a 
limit point in the set itself.” 

This is not quite as obscure as it may at first ap- 
pear. The reader may care to explain it to himself 
by using what has been said in the last two chap- 
ters. 


Answer to the question on page 184: Only one: j. 
It is unequivocally defined as the apex where the 
lines d and k meet a. But 7 and k and their vertices 
h and | can not be paired with their counterparts, 
as there is no way of saying which goes with which, 
except negatively, e.g., k is not h. 


196 


In Conclusion 


It frequently happens that when getting a 
cup of coffee one forgets the cream. The trick, 
here, is not to go and get the cream, but to take the 
cup to it. The first way involves four trips: going 
for the cream, bringing it to the table, taking it 
back right away, and returning to the coffee. The 
other way involves two: taking the cup to the 
refrigerator and returning with the cup. This can- 
not be helpfully expressed geometrically, but the 
kind of sequential planning used, though arith- 
metical, belongs rather in topology. 

In the use of electronic computers it is called 
Programing, and set-theoretic topology is its basis. 
In designing the fearsomely complicated circuits 
of these computers they make use of topological 
network analysis, mentioned in Chapter 8. Topol- 
ogy has found a place in astronomy, also, and in- 
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deed many other endeavors where mathematics is 
needed. These subjects are hardly everyday, but we 
use topological method in many everyday acts, 
though unconsciously. Most descriptions of where 
something is are topological, rather than geometri- 
cal: The coat is your closet; The school is the 
fourth house beyond the intersection of this street 
and Route 32; The Pen of my Aunt is in the 
Garden. 

Mariners use geometry, and so do builders, but 
in ordinary circumstances its use is avoided, ex- 
cept for the metrics of driving distances, and 
cookery. 

The Renaissance marked several changes in 
scientific thinking and method, one of which is 
best exemplified by chemistry. Medieval alchemy 
concentrated on difference in kind—difference in 
degree seemed less of the essence to them, and their 
chemistry never got off the ground. With the new 
ways of thinking, chemistry turned away from 
the qualitative to the quantitative—from Kind to 
Degree—and they began to get order from chaos. 
Mathematics, on the other hand, had always 
leaned toward the quantitative method—until to- 
pology, and the process seems to be reversed. 

But not really: in looking back over these pages 
we can see that while form and measurement are 
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temporarily abandoned they crop up again in a 
more sophisticated guise, for quality has a quan- 
tity; kind has a degree, even if it is not measured 
with a yardstick. As Stephen Vincent Benét said 
(he was talking of Lincoln), yardsticks are good 
for measuring—if you have yards to measure. 
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Page 48. The Gardner solution consists in mak- 
ing an odd number of longitudinal folds in the strip 
—aiong its “length,” at right angles to the edges 
we join. Fig. 1 shows the arrangement. If the num- 
ber of folds is odd, the ends can be brought to- 
gether with a half-twist to match, no matter how 


Fig. 1 


Ee 


Crimped 
Fig. 2 
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great the odd number is. This is because an N 
turned upside down is still an N, whereas an M is 
altered. Thus an indefinitely wide strip—provided 
the paper is thin enough—can be crimped into a 
sufficiently narrow one for us to treat as a con- 
veniently proportioned Moebius strip, Fig. 2. After 
all our work in Chapter 3 it’s infuriating. 


Page 49. Before joining the strip, mark it off 
as in Fig. 3—which is shortened. The numbered 
points are at the % and % positions, and the line 
is ruled on the back where dotted. When joined, 
the line will be straight and continuous. The cut 
starts at I and proceeds numerically: after 5, 
when x is reached the strip will be found to have 
opened out, so the cut will have to continue on the 
line. The cut thus seems not to be continuous, but 
the line was. 

When 8 is reached the strip will come apart 


Fig. 3 
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into two pieces of equal area, which is proved by 
counting the triangles in Fig. 4. The shaded part 
is one piece and the unshaded part the other ; each 
contains 8. Figures 15 and 16 on page 49 show 
a method that also divides the strip into two pieces 
of equal area, but the cut does not start at the 
edge. The cut is at the %4 mark from the edge. 


a ae 


ee CS ee 
W fl Ie MWY) 
— BY, —— 


YUM 


WT] 


HY —— Fig. 4 


Page 72. The pattern is shown in Fig. 5 and is 
best laid out on heavy square-ruled paper, with 
about an inch and a half to a unit. The solid lines 
are cut, and the dotted lines folded. The frequent 
half units are due to this pattern being made sym- 
metrical, except for unit number 14 and its op- 
posite number, #. The perspective views identify 
the numbered and lettered units, thus giving a 
guide for the folding after the cuts are made. 
Joints are butt, not overlap, so cellulose tape is used. 
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Page 119. Mix % of the red with all the blue, 
getting enough purple for 16 square feet. Fig. 6 
shows the color plan. 


Page 131. The series is a combination of two, but 
it boils down to one formula: Where n is the num- 
ber of partial cuts before the final cut, the number 
of pieces is 2"-++1: (3, 5, 9, 17, etc.). 


Page 161. Construction (Fig. 7). 


Draw the lines 1-2, 2-3, and 3-4, making 2 and 
3 right angles. Join 1 to 3, and 2 to 4: the intersec- 
tion C is the required limit point. 
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(Each succeeding 
line of the man's 
route is half of 

the previous one.) 


Fig. 7 
Proof. 
Add lines 4-5 and 5-6, making 4 and 5 right an- 
gles. 
5 


Line 1-2 is twice line 2—3, and 2-3 is twice 3-4; 

-. triangles I—2—3 and 2-3-4 are similar, 

SY a= /a and 7B = ZR’. 

-. Triangle 2-3-C is similar to triangle 1-2-3; 
’. the angles at C are right angles. 

All succeeding right-angle triangles in the fol- 
lowing list are similar: 1-2-C, 2-3-C, 3-4-C, 
4-5-C .. . etc., and their hypotenuses, since they 
are successively halved, form the required route 
taken by the man. Q.£.D. 
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Page 173. Fig. 8 is a diagram for five sets: 
dotted lines show beginning of the sixth, carried 
around the border like the fifth. An unlimited num- 
ber of sets can be shown this way, each time fol- 
lowing the border of the last one. 


Fig. 8 
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Achilles and the Tortoise, 
158-159 
Alexandroff, Paul, 20-21 
annulus, 31-32 
Moebius strip from, 52- 


53 


Betti, Enrico, 124 

Betti numbers, 123-128 

Bolzano-Weierstrass theo- 
rem, 180-181 


boundary points, 176 


closed sets, 151, 174-178 
defined, 175-176 
closures of sets, 178 
compact sets, 195-196 
compactness, 195-196 
complement of set, 171 
connectedness, 4-5 
connectivity, 21 
continuity, 2, 149-154 
and discreteness, 149-154 
of a line, defined, 152 
of transformations, 186 
continuum, 154 


cross-caps, 79, 81-82, 90- 
QI, 1602-103, 105, 127 

cross-cuts, 124-128 

cruciform models, 51, 9I— 
94, 105 

cylinder, paper model of, 
22-23 


denumerability, 152-154 
dimensions, 28-30 
discreteness, 149-154 
disjoint sets, 165, 171 
distortion, 5, 7, 9 (see also 
homeomorphism ) 

domains, 178 
duality : 

of cross-cuts, 128 

of loop-cuts, 128 
duals of maps, 114-118 


epsilon, 155 

Euclidean geometry, 162 

Euclidean spaces, 174-181 

Euler, Leonhard, 10, 121 

Euler’s theorem; 10-19, 
123-124 
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Euler’s theorem (cont.) 
proof of, 10-17 
on a torus, 18 


four-color map_ problem, 


I0Q-I19Q 
functions, 182-187 


Gardner, Martin, solution of 
shortest Moebius 
strip, 48 
Gardner model, 84-107 
glove, inversion of, 141-143 
graphs, 190-192 
discontinuous, IQI 


homeomorphism, 8-9, 192 
defined, 189 
in distortion of Klein bot- 
tle, 67 
homotopy, 192-196 


images, 183-187 

infinite sets, 180-182 

inner tube, inversion of, 136 
intersection of sets, 165-171 
intuition, 21 


invariants, topological, 5, 
128, 163 
inversion : 


of glove, 141-143 
of inner tube (punctured 
torus), 136-148 
irrational numbers, 152, 154 
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Jordan curves, 7-8, 17 
Jordan curve theorem, 108, 
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Klein bottle, 34-38 
non-orientability of, 63 
paper models of, 62-77 
Slipped-disk, 72-75 
symmetrical, 66-67 

knots, 132-134 
in cut Moebius strip, 97— 

100 
Koenigsberg Bridges, the, 
120-122 


Lefschetz, S., 128 

left vs right, 134-135 

limit points, 158-161, 179- 
181 

linkedness, 
148 

loop-cuts, 126-128 


133-134, 145- 


map coloring, 108-118 
game, 118 
on a Moebius strip, I11 
on a torus, IIO—-III 
mappings, 186, 188-189, 192 
maps: 
duals of, 114-118 
regular, 113-118 
maxima and minima, 150— 


181, 155; 256 


metric spaces, 155-156, 
174-181 

minima and maxima, 150— 
I5I, 155, 156 


Moebius strip, 23-25 
annular, 52-53 
conical, 50-61 
knot in edge of, 133 
map coloring on, III 
non-orientability of, 27— 

28 

the shortest, 40-48 
square, 43-46 
symmetrical, 89 
number of twists in, 82— 


107 

wire-and-rubber model, 
80-82 

neighborhoods, 146, 154- 


158, 176-177, 192 
networks, 120-123 
‘““Next- Number,” the, 149- 
150 
next point, the, 157 
null sets, 167 


open sets, 157, 174-178, 186 
defined, 175 

orientability, 25-28 
not in Klein bottle, 63 
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paper models: 
advantages of, and objec- 
tions to, 21-23 
of cylinder, 22-23 
of Klein bottle, 62-77 
of Moebius strip, 23-25 
of projective plane, 78-79 
(see also Gardner 
model ) 
of torus, 22-23 
pi, 29 
polyhedra, 10-12, 18 
problems, 49, 118, 122, 128, 
133, 160, 166, 184 
Programing, 197 
projections, 188-189 
projective geometry, 3 
projective plane, 34, 78-82, 


gl 
Gardner model of, 84- 
107 
punctured torus, inversion 
of, 136-148 


puzzles, see problems 


rational numbers, 151-154 

real numbers, 152, 154, 158, 
179, 180 

regular maps, 113-118 

right vs left, 134-135 

Russell, Bertrand, 162 


sense, rotational, 35-36 
series, 128-131 
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sets, 162-186, 190-192 
closed, 151, 174-178 
defined, 175-176 

closures of, 178 
compact, 195-196 
complement of, 171 
disjoint, 165, 171 
infinite, 180-182 
intersection of, 165-171 
limit points of, 179-181 
null, 167 
open, 157, 174-178, 186 
defined, 175 
subsets, 164, 171 
sum of, 166-171, 172 
union of, 172 
shortest Moebius strip, 40— 
48 
Gardner’s solution of, 48 
sides, how many, 25-28 
simply connected, 5-6, 7, 31 
Slipped-disk Klein _ bottle, 
72-75 
spaces : 
Euclidean, 174-181 
metric, 155-156, 174-181 
topological, 2 
subsets, 164, 171 
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sum of sets, 166-171, 172 
symmetry, 82-107 


three-color problem, the, 112 
tiling theorem, 108-109, 
154-155 
topological invariants, 5, 
128, 163 
topological spaces, 2 
topology : 
defined, 1-4 
modern uses of, 197, 198 
torus, 5, 7-8, 31 
map coloring on, IIO-III 
paper model of, 22-23 
punctured, inversion of, 
136-148 
transformations, 182-187 
traverse, law of, 122 
trees, 123 
true vs valid, 162-163 
twists, number of, in Moe- 
bius strip, 82-107 


union, see sum of sets 


valid vs true, 162-163 
Venn diagrams, 164-173 
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